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Abstract 

In this paper, we introduce and 

study the concept of 𝑟 -weakly generalized 

fuzzy closed sets in 𝑠̂ ostak’s fuzzy 

topological spaces. Fuzzy WG-

connectedness is introduced and studied 

with help of 𝑟 -weakly generalized fuzzy 

closed sets, Fuzzy weakly generalized 

continuity and Fuzzy weakly generalized 

irresolute mappings are introduced and the 

relationship between these mappings and 

other mappings introduced previously are 

investigated. Also, some separation 

axioms of 𝑟 -weakly generalized fuzzy 

closed sets are introduced and studied. 
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1 Introduction and preliminaries 

Kubiak [18] and 𝑠̂ostak [24] introduced   

the fundamental concept of a fuzzy 

topological structure, as an extension of 

both crisp topology and fuzzy topology 

[3], in the sense that not only the objects 

are fuzzified, but also the axiomatics. In 

[25, 26], 𝑠̂ostak gave some rules and 

showed how such an extension can be 

realized. Chatopadhyay et al., [4] have 

redefined the same concept under the name 

gradation of openness. A general approach 

to the study of topological type structures 

on fuzzy power sets was developed in 

[[10]-[12], [18, 19]]. 

Weakly closed sets, weakly continuous 

mappings were introduced and 

investigated by [20]. The concept of         

𝑔 -closed sets was also considered by 

Dunham [7] in 1982 and by Dunham and  
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Levine [6] in 1980. J. Mahanta and P. K. 

Das used w-closed sets to define and 

investigate the notion of generalized 

weakly closed sets using weakly-closure 

operator. Balachandran et al., [2] in 1991, 

defined a new class of mappings called 

generalized continuous                              

(𝑔 -continuous, for short) mappings which 

contains the class of continuous mapping. 
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Later in 2007, El. Shafei and Zakari [8] 

have introduced and study some 

generalizations of fuzzy continuous 

mappings. 

The aim of this paper is to define the 

concepts of 𝑟-weakly generalized fuzzy 

closed sets in     𝑠̂ostak fuzzy topological 

spaces. Fuzzy WG-connectedness is 

introduced and studied with help of 𝑟-

weakly generalized fuzzy closed sets, 

fuzzy weakly generalized continuity and 

fuzzy weakly generalized irresolute 

mappings are introduced and the 

relationship between these mappings and 

other mappings introduced previously are 

investigated. Also, some separation 

axioms of 𝑟-weakly generalized fuzzy 

closed sets are introduced and studied. 

Throughout this paper, nonempty sets will 

be denoted by 𝑋, 𝑌 etc., 𝐼 = [0, 1] and 𝐼0 = 

(0, 1]. For 𝛼 ∈ 𝐼, 𝛼̅(𝑥) = 𝛼 for all 𝑥 ∈ 𝑋. A 

fuzzy point 𝑥𝑡 for 𝑡 ∈ 𝐼0 is an element of 𝐼X 

such that   (𝑦) ={𝑡 if 𝑦 = 𝑥 0 if 𝑦 ∉ 𝑥. The 

set of all fuzzy points in 𝑋 is denoted by 

𝑃t(𝑋). A fuzzy point 𝑥t ∈ 𝜆 iff 𝑡 < (𝑥). A 

fuzzy set 𝜆 is quasi-coincident with 𝜇, 

denoted by 𝜆𝑞𝜇, if there exists 𝑥 ∈ 𝑋 such 

that (𝑥) + (𝑥) > 1. If 𝜆 is not quasi-

coincident with 𝜇, we denoted 𝜆𝑞̅𝜇.     If 𝐴 

⊂ 𝑋, we define the characteristic function 

𝜒A on 𝑋 by 𝜒A(𝑥) ={1 if 𝑥 ∈ 𝐴, 0 if 𝑥 ∉ 𝐴.    

All other notations and definitions are 

standard, for all in the fuzzy set theory. 

 Lemma 1.1. [13] Let 𝑋 be a nonempty set 

and 𝜆, 𝜇 ∈ 𝐼X. Then 

(i) 𝜆𝑞𝜇 iff there exists 𝑥t ∈ 𝜆 such that 

     𝑥t 𝑞𝜇. 

(ii) 𝜆𝑞𝜇, then 𝜆 ∧ 𝜇 ≠  . 

(iii) 𝜆𝑞̅𝜇 iff 𝜆 ≤   − 𝜇. 

(iv) 𝜆 ≤ 𝜇 iff 𝑥t ∈ 𝜆 implies 𝑥t ∈ 𝜇 iff 𝑥t 𝑞𝜆 

implies 𝑥t 𝑞𝜇 implies 𝑥t 𝑞̅𝜆. 

(v) 𝑥t 𝑞̅ ⋁ 𝜇𝑖 iff there exists 𝑖0 ∈ Λ such 

that 𝑥t 𝑞̅𝜇i0. 

Definition 1.1. [22, 24] A function: 𝐼X → 𝐼 

is called a fuzzy topology on 𝑋 if it 

satisfies the following conditions: 

(O1) τ ( ) = τ ( ) = 1,  

(O2) τ(⋁𝑖∈Γ 𝜇i) ≥ ⋀𝑖∈Γ τ(𝜇i), for any        

{𝜇i}i∈Γ ⊂ 𝐼X ,  

(O3) τ(𝜇1 ∧ 𝜇2) ≥ τ(𝜇1) ∧τ (𝜇2), for any  

𝜇1, 𝜇2 ∈ 𝐼X . 

The pair (𝑋, 𝜏) is called a fuzzy 

topological space (for short, fts). 

Remark 1.1. [16] Let (𝑋, τ) be a fuzzy 

topological space. Then, for each 𝑟 ∈ I0,                     

𝜏r = {𝜇 ∈ 𝐼X: (𝜇) ≥ 𝑟} is a Change’s fuzzy 

topology on 𝑋. 

 

Theorem 1.1. ([5]) Let (𝑋, 𝜏) be a fts. 

Then for each 𝜆 ∈ 𝐼X, 𝑟 ∈ 𝐼0 we define an 

operator       𝐶τ: 𝐼X × 𝐼0 → 𝐼X as follows:  

(𝜆, 𝑟) = ⋀{𝜇 ∈ 𝐼X : 𝜆 ≤ 𝜇, 𝜏(  − 𝜇) ≥ 𝑟}.                                       

For 𝜆, 𝜇 ∈ 𝐼X and 𝑟, ∈ 𝐼0, the operator 𝐶𝜏 

satisfies the following conditions: 

(1) 𝐶τ(0,𝑟) = 0, 

(2) 𝜆 ≤ 𝐶τ(𝜆, 𝑟), 

(3) 𝐶τ(𝜆, 𝑟) ∨ 𝐶𝜏(𝜇, 𝑟) = 𝐶𝜏(𝜆 ∨ 𝜇, 𝑟), 

(4) 𝐶τ(𝜆, 𝑟) ≤ 𝐶𝜏(𝜆, 𝑠) if 𝑟 ≤ 𝑠, 

(5) 𝐶τ(𝐶𝜏(𝜆, 𝑟), 𝑟) = 𝐶𝜏(𝜆, 𝑟). 

Theorem 1.2. [23] Let (𝑋, 𝜏) be a fts. 

Then for each 𝑟 ∈ 𝐼0, 𝜆 ∈ 𝐼X we define an 

operator  I𝜏: 𝐼X × 𝐼0 → 𝐼X as follows:       

(𝜆, 𝑟) =⋁ {𝜇 ∈ 𝐼𝑋: 𝜆 ≥ 𝜇, 𝜏 (𝜇) ≥ 𝑟}. 

For 𝜆, 𝜇 ∈ 𝐼𝑋 and 𝑟, ∈ 𝐼0, the operator 𝐼𝜏 

satisfies the following conditions: 

 

(1) 𝐼𝜏 (1,) = 1, 

(2) 𝜆 ≥ 𝐼𝜏 (𝜆, 𝑟), 

(3) 𝐼𝜏 (𝜆, 𝑟) ∧ (𝜇, 𝑟) = (𝜆 ∧ 𝜇, 𝑟), 

(4) 𝐼𝜏 (𝜆, 𝑟) ≤ (𝜆, 𝑠) if 𝑠 ≤ 𝑟, 

(5) 𝐼𝜏 ((𝜆, 𝑟), 𝑟) = (𝜆, 𝑟), 

(6) 𝐼𝜏 (  − 𝜆,) =   − (𝜆, 𝑟) and  



2189 
 

      (  − 𝜆,) =   − 𝐼𝜏(𝜆, 𝑟) 

Definition 1.2. [17] A fuzzy subset 𝜆 of a 

fts (𝑋, 𝜏) is said to be r-generalized fuzzy 

closed  (r-gfc, for short) set if 𝐶(𝜆, 𝑟) ≤ 𝜇 

whenever 𝜆 ≤ 𝜇, 𝜏(𝜇) ≥ 𝑟 and 𝑟 ∈ 𝐼0. The 

complement of a r-gfc set is called            

r-generalized fuzzy open (r-gfo, for short) 

set. 

Definition 1.3. [16, 23] Let (𝑋, 𝜏) be a 

smooth fuzzy topological space. Then for               

each 𝜆, 𝜇 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0, 

(i) 𝜆 is called r-fuzzy semi-open (r-fso, for 

short) if 𝜆 ≤ 𝐶𝜏 ((𝜆, 𝑟), 𝑟). 

(ii) 𝜆 is called r-fuzzy semi-closed (r-fsc, 

for short) if ((𝜆, 𝑟), 𝑟) ≤ 𝜆. 

(iii) The r-fuzzy semi-interior of               

𝜆, denoted by 𝑆𝐼τ (𝜆, 𝑟) is defined by: 

       (𝜆, 𝑟) =⋁ {𝜇 ∈ 𝐼X: 𝜇 ≤ 𝜆, 𝜇 is a 𝑟-fso}.  

 

(iv) The r-fuzzy semi-closure of 𝜆, denoted 

by (𝜆, 𝑟) is defined by:                            

      (𝜆, 𝑟) =⋀ {𝜇 ∈ 𝐼: 𝜇 ≥ 𝜆, 𝜇 is a 𝑟-fsc}. 

 

 Definition 1.4. [9] Let (𝑋, τ) be a smooth 

fuzzy topological space. 𝜆 ∈ 𝐼X and 𝑟 ∈ 𝐼0,             

𝜆 is called a 𝑟-fuzzy weakly closed (𝑟-fwc, 

for short) set if (𝜆, 𝑟) ≤ 𝜇 whenever 𝜆 ≤ 𝜇 

and   is 𝑟-fuzzy semiopen. Then 

complement of a 𝑟-fwc set is said to be a 

𝑟-fuzzy weakly open (𝑟-fwo, for short) set. 

Definition 1.5. [9] Let (𝑋, τ) be a smooth 

fuzzy topological space. 𝜆 ∈ 𝐼X and 𝑟 ∈ 𝐼0,            

(i) (𝜆, 𝑟) =⋁ {𝜇 ∈ 𝐼𝑋: 𝜇 ≤ 𝜆, 𝜇 is a 𝑟-fwo 

set} is called the 𝑟-fuzzy w-interior of 𝜆.               

(ii) 𝑊 𝐶𝜏 (𝜆, 𝑟) =⋀ {𝜇 ∈ 𝐼𝑋: 𝜇 ≥ 𝜆, 𝜇 is a 

𝑟-fwc set} is called the 𝑟-fuzzy w-closure 

of 𝜆. 

Definition 1.6. [9] Let (𝑋,τ) be a smooth 

fuzzy topological space. For 𝜆 ∈ 𝐼X and     

𝑟 ∈ 𝐼0, 

(1) 𝜆 is called 𝑟-generalized fuzzy weakly 

closed (𝑟-gfwc, for short) set if 𝑊𝐶τ (𝜆, 𝑟) 

≤ 𝜇 whenever 𝜆 ≤ 𝜇 and 𝜇 is 𝑟-fuzzy 

weakly open set. 

(2) 𝜆 is called 𝑟-generalized fuzzy weakly 

open (𝑟-gfwo, for short) set if 𝜇 ≤ 𝑊𝐶τ (𝜆, 

𝑟) whenever 𝜇 ≤ 𝜆 and 𝜇 is 𝑟-fuzzy weakly 

closed set. 

(3) The 𝑟-generalized fuzzy weakly 

closure of 𝜆, denoted by 𝐺𝑊𝐶τ(𝜆, 𝑟) is 

defined by: 𝐺𝑊𝐶𝜏(𝜆, 𝑟) =⋀{𝜇 ∈ 𝐼X : 𝜇 ≥ 𝜆, 

𝜇 is 𝑟-gfwc }. 

(4) The 𝑟-generalized fuzzy weakly 

interior of 𝜆, denoted by (𝜆, 𝑟) is defined 

by:            

 𝐺𝑊Iτ (𝜆, 𝑟) =⋁{𝜇 ∈ 𝐼X : 𝜇 ≤ 𝜆, 𝜇 is          

𝑟-gfwo }.  

 

Definition 1.7. [24] Let (𝑋, 𝜏1) and (𝑌, 𝜏2) 

be a smooth fuzzy topological spaces.                            

Let: 𝑋 → 𝑌 be a mapping. 

(1) 𝐹 -continuous if 𝜏2 (𝜇) ≤ 𝜏1 (𝑓
−1

 (𝜇)) for 

each 𝜇 ∈ 𝐼Y. 

(2) 𝐹 -open if 𝜏1 (𝜆) ≤ 𝜏2 ((𝜆)) for each       

𝜆 ∈ 𝐼X . 

(3) 𝐹 -closed if 𝜏1 (1 − 𝜆) ≤ 𝜏2 (1 − 𝑓 (𝜆)) 

for each 𝜆 ∈ 𝐼X. 

Definition 1.8. [17, 21]  

Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be a mapping and    

𝑟 ∈ 𝐼0. Then 𝑓 is called: 

(i) 𝐺𝐹 -continuous (resp. 𝐺𝐹 -irresolute) if 

    𝑓-1
(𝜇) is r-gfo for each 𝜇 ∈ 𝐼Y,  2 (𝜇) ≥ 𝑟 

    (resp. 𝜇 is r-gfo). 

(ii) 𝐺𝐹 -open (resp. 𝐺𝐹-irresolute open) 

       if τ(𝜆) is r-gfo for each 𝜆∈ 𝐼X,                                

      𝜏1 (𝜆) ≥ 𝑟 (resp. 𝜆 is r-gfo). 

(iii) 𝐺𝐹 -closed (resp. 𝐺𝐹-irresolute 

closed) if (𝜆) is r-gfc for each 𝜆 ∈ 𝐼X,                            

 𝜏1 (1 − 𝜆) ≥ 𝑟 (resp. 𝜆 is r-gfc). 

 

Definition 1.9. [10] Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) 

be a mapping and 𝑟 ∈ 𝐼0. Then 𝑓 is called: 

(i) 𝐹𝑊-continuous (resp. 𝐹𝑊 -irresolute) 

if 𝑓-1
(𝜇) is r-fwo for each 𝜇 ∈ 𝐼Y,  

       𝜏2 (𝜇) ≥ 𝑟 (resp. 𝜇 is r-fwo). 

(ii) 𝐹𝑊 -open (resp. 𝐹𝑊 -irresolute open) 

if (𝜇) is r-fwo for each 𝜆 ∈ 𝐼X,   
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      𝜏1 (𝜆) ≥ 𝑟 (resp. 𝜆 is r-fwo). 

(iii) 𝐹𝑊-closed (resp. 𝐹𝑊 -irresolute 

closed) if (𝜇) is r-fwc for each 𝜆 ∈ 𝐼X,  

      𝜏1 (𝜆) ≥ 𝑟 (resp. 𝜆 is r-fwc). 

 

Definition 1.10. [14] A fts (𝑋, 𝜏) is said to 

be 

(i) r-𝐹𝑅0 iff 𝑥t𝑞𝐶τ (𝑦𝑠, 𝑟) implies    

𝑦𝑠𝑞𝐶τ(𝑥𝑡, 𝑟) for any distinct fuzzy points                 

𝑥𝑡, 𝑦𝑠 ∈ 𝑃𝑡(𝑋). 

(ii) r-𝐹𝑅1 iff 𝑥t𝑞𝐶τ (𝑦𝑠, 𝑟) implies that there 

exist 𝜇𝑖 ∈ 𝐼𝑋 with (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} 

such that 𝑥𝑡 ∈ 𝜇1, 𝑦𝑠 ∈ 𝜇2 and 𝜇1 𝑞𝜇2 for 

any distinct fuzzy points 𝑥𝑡, 𝑦𝑠 ∈ (𝑋). 

(iii) r-𝐹𝑅2 iff (or r-fuzzy regular) 𝑥t𝑞𝜆 with 

( −𝜆) ≥ 𝑟 implies that there exist 𝜇𝑖 ∈ 𝐼𝑋 

with    (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} such that       

𝑥𝑡 ∈ 𝜇1, 𝜆 ≤ 𝜇2 and 𝜇1 𝑞𝜇2. 

(iv) r-𝐹𝑅3 iff (or r-fuzzy normal) 𝜆1 𝑞𝜆2 

with ( −𝜆𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} implies that 

there exist 𝜇𝑖 ∈ 𝐼𝑋 with (𝜇𝑖) ≥ 𝑟 for              

𝑖 ∈ {1, 2} such that 𝜆𝑖 ∈ 𝜇𝑖 and 𝜇1𝑞𝜇2. 

 

Definition 1.11. [14] A fts (𝑋, 𝜏) is said to 

be 

(i) r-𝐹𝑇1 iff (  − 𝑥𝑡) ≥ 𝑟 for each 𝑥𝑡 ∈ (𝑋). 

(ii) r-𝐹𝑇2 iff 𝑥𝑡𝑞𝑦𝑠 implies that there        

exist 𝜇𝑖 ∈ 𝐼𝑋 with (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2}  

     such that 𝑥𝑡 ∈ 𝜇1, 𝑦𝑠 ≤ 𝜇2 and 𝜇1𝑞𝜇2. 

(iii) r-𝐹𝑇2 
 

 
  iff 𝑥𝑡 𝑞𝑦𝑠 implies that there 

exist 𝜇𝑖 ∈ 𝐼𝑋 with (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2}  

 such that  𝑥𝑡 ∈ 𝜇1, 𝑦𝑠 ∈ 𝜇2 and           

𝐶𝜏(𝜇1, 𝑟) 𝑞𝐶𝜏(𝜇2, 𝑟). 

(iv) r-𝐹𝑇4 iff it is r-𝐹𝑅3 and r-𝐹𝑇1. 

Definition 1.12. [15] A fts (𝑋, 𝜏) is said to 

be 

(i) r-𝐹𝑇 

 

 if (  − 𝜆) ≥ 𝑟 for each r-𝑔𝑓𝑐 set   

𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0. 

(ii) r-𝐺𝐹𝑅2 iff 𝑥𝑡 𝑞𝜆 for each r-𝑔𝑓𝑐 𝜆 ∈ 𝐼𝑋 

implies that these exist 𝜇𝑖 ∈ 𝐼𝑋 with (𝜇𝑖) ≥ 𝑟            

for 𝑖 ∈ {1, 2} such that 𝑥𝑡 ∈ 𝜇1, 𝜆 ≤ 𝜇2 and 

𝜇1 𝑞𝜇2. 

(iii) r-𝐺𝐹𝑅3 if 𝜆1 𝑞𝜆2 for each r-𝑔𝑓𝑐 sets 𝜆𝑖 

∈ 𝐼𝑋 and 𝑖 ∈ {1, 2} implies that there exist 

𝜇𝑖 ∈ 𝐼𝑋 with 𝜏(𝜇𝑖) ≥ 𝑟 such that 𝜆𝑖 ≤ 𝜇𝑖 and 

𝜇1 𝑞𝜇2. 

 

Definition 1.13. [1] Let (𝑋, 𝜏) be a fts and 

𝜆, 𝜇 ∈ 𝐼𝑋, 𝑟 ∈ 𝐼0. Then, 

(i) Two fuzzy sets 𝜆 and 𝜇 are said to be    

r-fuzzy separated iff 𝜆𝑞𝐶τ (𝜇, 𝑟) and    

𝜇𝑞𝐶𝜏 (𝜆, 𝑟). 

(ii) A fuzzy set which cannot be expressed 

as the union of two r-fuzzy separated sets 

is said to be r-fuzzy connected set. 

Theorem 1.3. [15] Let (𝑋, 𝜏) be fts and     

𝑟 ∈ 𝐼0. 

(a) The following statements are 

equivalent 

(i) (𝑋, 𝜏) is r-𝐹𝑅0. 

(ii) If 𝑥𝑡𝑞𝜆 for (1 − 𝜆) ≥ 𝑟, we have         

(𝑥𝑡, 𝑟)𝑞𝜆. 

(iii) 𝑥𝑡 is r-𝑔𝑓𝑐 for each 𝑥𝑡 ∈ (𝑋). 

(b) r-𝐹𝑇4 ⇒ r-𝐹𝑇3 ⇒ r- 𝐹𝑇2 
 

 
 ⇒ r-𝐹𝑇2 ⇒   

r-𝐹𝑇1. 

(c) If a fts (𝑋, 𝜏) is r-𝐹𝑅0 and 𝑋 is a finite 

set, then every fuzzy set 𝜆 ∈ 𝐼𝑋 is r-gfc and 

r-gfo. 

2 r-Weakly generalized fuzzy 

closed sets 

Definition 2.1. Let (𝑋, 𝜏) be a smooth 

fuzzy topological space. For 𝜆, 𝜇 ∈ 𝐼𝑋 and 

𝑟 ∈ 𝐼0, 

(1) 𝜆 is called 𝑟-w                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

eakly generalized fuzzy closed    

(𝑟-wgfc, for short) set if (𝜆, 𝑟) ≤ 𝜇 

whenever 𝜆 ≤ 𝜇 and                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               

τ(𝜇) ≥ 𝑟. 
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(2) 𝜆 is called 𝑟-weakly generalized 

fuzzy open (𝑟-wgfo, for short) set 

if            𝜇 ≤ 𝑊 𝐶𝜏 (𝜆, 𝑟) whenever 

𝜇 ≤ 𝜆 and (1 − 𝜇) ≥ 𝑟. 

(3) The 𝑟-weakly generalized fuzzy 

closure of 𝜆, denoted by (𝜆, 𝑟) is 

defined by:         𝑊𝐺𝐶𝜏 (𝜆, 𝑟) =     

⋀ {𝜇 ∈ 𝐼𝑋: 𝜇 ≥ 𝜆, 𝜇 is 𝑟-wgfc}. 

(4) The 𝑟-weakly generalized fuzzy 

interior of 𝜆, denoted by (𝜆, 𝑟) is 

defined by:    𝑊(𝜆, 𝑟) =⋁{𝜇 ∈ 𝐼𝑋 : 

𝜇 ≤ 𝜆, 𝜇 is 𝑟-wgfo }. From the 

above definitions it is clear that the 

following implications are true: 

                                                                          

r – gfc                    r - fwc  

⍏                    ⍏ 

         r – wgfc              r - gfwc 

                       ↛  
Remark 2.1. The intersection of two 𝑟-

gfwc (resp. 𝑟-wgfc) sets is not 𝑟-gfwc 

(resp. 𝑟-wgfc) set, in general and the union 

of two 𝑟-gfwo (resp. 𝑟-wgfo) sets is not 𝑟-

gfwo (resp. 𝑟-wgfo) set, in general, as 

shown by Example 2.3(1). Also the 

intersection of two 𝑟-gfwo               (resp. 

𝑟-wgfo) sets is not 𝑟-gfwo (resp. 𝑟-wgfo) 

set, in general and the union of two 𝑟-gfwc 

(resp. 𝑟-wgfc) sets is not 𝑟-gfwc (resp. 𝑟-

wgfc) set, in general, as shown by 

Example 2.3(3). 

The following propositions are easily 

proved, 

Proposition 2.1. Let (𝑋, 𝜏) be fts, 𝜆 ∈ 𝐼𝑋 

and 𝑟 ∈ 𝐼0. The following statements hold 

(1) If 𝜆 is 𝑟-gfwc (resp. 𝑟-wgfc), then        

𝜆 = 𝐺𝑊𝐶𝜏 (𝜆, 𝑟) (resp. 𝜆 = (𝜆, 𝑟)).     

(2)  If λ is r-gfwo (resp. r-wgfo), then       

λ  = GWIτ(λ,r) (resp. λ= WGIτ(λ,r)).                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             

(3) 𝐺𝑊𝐶𝜏 (  − 𝜆, 𝑟) =   − (𝜆, 𝑟)           

(resp. 𝑊𝐺( −𝜆,𝑟)= −𝑊𝐺𝐼𝜏(λ,r)).                                                                                                                             

(4) 𝐺𝑊I𝜏 (  − 𝜆, 𝑟) =    − (𝜆, 𝑟)          

(resp. 𝑊(  − 𝜆, 𝑟) =   − 𝑊𝐺𝐶𝜏(𝜆, 𝑟)). 

(5) 𝑊𝐶𝜏 (𝜆, 𝑟) is 𝑟-gfwc (resp. 𝑟-wgfc). 

(6) G𝑊I𝜏 (𝜆, 𝑟) is 𝑟-gfwo (resp. 𝑟-wgfo). 

(7) 𝜆 ≤ 𝑊𝐺𝐶𝜏 (𝜆, 𝑟) ≤ 𝐺𝑊𝐶𝜏 (𝜆, 𝑟) ≤ 𝑊𝐶𝜏 

(𝜆, 𝑟) ≤ 𝐶𝜏 (𝜆, 𝑟). 

(8) I𝜏 (𝜆, 𝑟) ≤ (𝜆, 𝑟) ≤ (𝜆, 𝑟) ≤ 𝑊𝐺𝐼𝜏(𝜆, 𝑟) 

≤ 𝜆. 

Proposition 2.2. Let (𝑋, 𝜏) be fts, 𝜆, ∈ 𝐼𝑋 

and 𝑟, ∈ 𝐼0. The following statements hold 

(1) 𝐺𝑊C𝜏 ( , 𝑟) = 0 (resp. ( , 𝑟) =  . 

(2) 𝐺𝑊𝐶𝜏 (𝜆, 𝑟) ≤ 𝐺𝑊𝐶𝜏 (𝜆, 𝑠) 

(resp.𝑊𝐺𝐶𝜏 (𝜆, 𝑟) ≤ 𝑊𝐺𝐶𝜏 (𝜆, 𝑠)) if 𝑟 ≤ 𝑠. 

(3) 𝐺𝑊𝐶𝜏 (𝜆, 𝑟) ≤ 𝐺(𝜇, 𝑟) (resp.𝑊𝐺𝐶𝜏(𝜆, 

𝑟) ≤ 𝑊𝐺𝐶𝜏(𝜇, 𝑟)) if 𝜆 ≤ 𝜇. 

(4) 𝐺𝑊𝐶𝜏 (𝜆, 𝑟) ∨ 𝐺𝑊𝐶𝜏 (𝜇, 𝑟) ≤ 𝐺𝑊𝐶𝜏 

(𝜆 ∨ 𝜇, 𝑟). 

(5) 𝑊𝐺𝐶𝜏 (𝜆, 𝑟) ∨ 𝑊𝐺𝐶𝜏 (𝜇, 𝑟) ≤ 𝑊𝐺𝐶𝜏 

(𝜆 ∨ 𝜇, 𝑟). 

(6) 𝐺𝑊𝐶𝜏 (𝐺𝑊𝐶𝜏 (𝜆, 𝑟), 𝑟) = 𝐺(𝜆, 𝑟). 

(7) 𝑊𝐺𝐶𝜏 (𝑊𝐺𝐶𝜏 (𝜆, 𝑟), 𝑟) = 𝑊(𝜆, 𝑟). 

Example 2.1 Let 𝑋 = {𝑎, 𝑏} and define 

fuzzy topology: 𝐼𝑋 → 𝐼 as follows:  

       𝜏(𝜆) =  { 

             𝑖𝑓   {   } 
 

 
      𝑖𝑓    {        }

                 𝑡𝑕 𝑟 𝑖𝑠 

                                                                  

In (𝑋, 𝜏)     is 
  

 
 -wgfc (

  

 
 -gfwc) but it is 

neither 
  

 
-gfc nor  

   

 
-fwc. 

Example 2.2 Let 𝑋 = {𝑎, 𝑏} and 𝜇 ∈ 𝐼𝑋 

defined as follows: (𝑎) = 0.5, (𝑏) = 0.2, 

define fuzzy topology: 𝐼𝑋 → 𝐼 as follows: 
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𝜏(𝜆) 

 

{
  
 

  
 

  

                                𝑖𝑓   {   } 
 

 
                                     𝑖𝑓 𝜆  𝑎    ⋁𝑏   

 

 
                                𝑖𝑓  𝜆  𝑎    ⋁𝑏    

 

 
          𝑖𝑓 𝜆  {𝑎    ⋁𝑏    𝑎    ⋁𝑏   }

                                                 𝑡𝑕 𝑟 𝑖𝑠 

 

 

1 if 𝜆 ∈ {0, 1}, 1 2 if 𝜆 = 𝑎0.5 ∨ 𝑏0.0, 2 3 

if 𝜆 = 𝑎0.0 ∨ 𝑏0.4, 2 3 if 𝜆 ∈ {𝑎0.5 ∨ 𝑏0.4, 

𝑎0.5 ∨ 𝑏0.6}, 0 otherwise. 

In (𝑋, 𝜏) 𝜇 is 1 2 -wgfc but not 
 

 
-gfwc. 

Definition 2.2. Let (𝑋, 𝜏) be fts, and 𝜆, ∈ 

𝐼𝑋, 𝑟 ∈ 𝐼0. Then, 

(1) Two fuzzy sets 𝜆 and 𝜇 are said to be 

𝑟-fuzzy 𝐺𝑊-separated iff 𝜆𝑞𝐺WCτ(𝜇, 𝑟) 

and 𝜇𝑞𝐺𝑊𝐶𝜏(𝜆, 𝑟). 

(2) Two fuzzy sets 𝜆 and 𝜇 are said to be 

𝑟-fuzzy 𝑊𝐺-separated iff (𝜇, 𝑟) and 

𝜇𝑞𝑊(𝜆, 𝑟). 

(3) A fuzzy set which cannot be expressed 

as the union of two 𝑟-fuzzy 𝐺𝑊- separated 

sets is said to be 𝑟-fuzzy 𝐺𝑊 -connected 

set. 

(4) A fuzzy set which cannot be expressed 

as the union of two 𝑟-fuzzy 𝑊𝐺-separated 

sets is said to be 𝑟-fuzzy 𝑊𝐺-connected 

set. 

From the above definitions it is clear that 

the following implications are true:           

𝑟-fuzzy separated ⇒ 𝑟-fuzzy                  

𝐺𝑊 -separated ⇒ 𝑟-fuzzy 𝑊𝐺-separated 

⇒ 𝑟fuzzy 𝑊𝐺-connected ⇒ 𝑟-fuzzy         

𝐺𝑊 -connected ⇒ 𝑟-fuzzy connected. 

Remark 2.2. The converse of the above 

implications is not true in general as 

shown by the following example. 

Example 2.4 Let 𝑋 = {𝑎, 𝑏, 𝑐} and 𝜇, 

𝜇1,𝜇2,𝜇3,𝜇4 ∈ 𝐼𝑋 defined as follows: 𝜇(𝑎) = 

0.6, 𝜇(𝑏) = 0.2, 𝜇(𝑐) = 0.4; 𝜇1(𝑎) = 0.0, 

𝜇1(𝑏) = 0.6, 𝜇1(𝑐) = 0.0; 𝜇2(𝑎) = 0.0, 𝜇2(𝑏) 

= 0.0, 𝜇2(𝑐) = 0.3; 𝜇3(𝑎) = 0.5, 𝜇3(𝑏) = 0.6, 

𝜇3(𝑐) = 0.0; 𝜇4(𝑎) = 0.5, 𝜇4(𝑏) = 0.0, 𝜇4(𝑐) 

= 0.5 Define fuzzy topology 𝜏 : 𝐼𝑋 → 𝐼 as 

follows: 

          𝜏(𝜆) =  { 

             𝑖𝑓   {   } 
 

 
                    𝑖𝑓    𝜇 

                 𝑡𝑕 𝑟 𝑖𝑠 

 

(1) Since 𝐺WCτ (𝜇1,
 

 
) = 𝜇1 and 𝐺(𝜇2, 

 

 
) 

=𝜇2. Then 𝜇1𝑞𝐺W𝐶𝜏 (𝜇2,
 

 
) and            

𝜇2𝑞𝐺𝑊𝐶𝜏 (𝜇1, 
 

 
). Hence 𝜇1 and 𝜇2 are 

 

 
 -

fuzzy 𝐺𝑊 -separated. But (𝜇1,
 

 
) = (𝜇2, 

 

 
) = 

1 − 𝜇. So 𝜇1(𝜇2, 
 

 
) and 𝜇2𝑞𝐶𝜏(𝜇1, 

 

 
). Thus 

𝜇1 and 𝜇2 are not 
 

 
 -fuzzy separated.  

(2) Similarly, 𝜇3 and 𝜇4 are 
 

 
 -fuzzy       

𝑊𝐺-separated. But 𝜇3 and 𝜇4 are not 
 

 
 fuzzy 𝐺𝑊 -separated.  

(3) Since 𝜌1 = 𝜇1 ∨ 𝜇2 where 𝜇1 and 𝜇2 

are 
 

 
-fuzzy 𝐺𝑊 -separated, then 𝜌1 is not 

 

 
 

-fuzzy 𝐺𝑊 -connected. We show that 𝜌1 is 
 

 
 -fuzzy connected. In fact, let 𝜌1 = 𝜂 ∨ ω,               

where 𝜂, 𝜔 ∈ 𝐼𝑋 − { }. Then either             

𝜂 (𝑏) = 0.6 or 𝜔 (𝑏) = 0.6. If 𝜂 (𝑏) = 0.6 

then              Cτ(𝜔, 
 

 
) =   − 𝜇. So, 

𝜂qCτ(𝜔, 
 

 
). If 𝜔 (𝑏) = 0.6, similarly  𝑞Cτ 

(𝜂,
 

 
). Thus 𝜂 and 𝜔 cannot be 

 

 
 -fuzzy 

connected. Hence 𝜌1 is 
 

 
 -fuzzy connected. 

(4) Similarly, 𝜌2 = 𝜇3 ∨ 𝜇4 is 
 

 
 -fuzzy     

𝐺𝑊 -connected. But 𝜌2 is not 
 

 
-fuzzy   

𝑊𝐺-connected. 

Theorem 2.1. Let (𝑋, 𝜏) be a fts, and        

𝜆, ∈ 𝐼𝑋, 𝑟 ∈ 𝐼0.  

(1) If 𝜆, 𝜇 are 𝑟-fuzzy 𝐺𝑊 -separated and 

𝛾, 𝜂 ∈ 𝐼𝑋 − { } such that 𝛾 ≤ 𝜆 and 𝜂 ≤ 𝜇, 

then 𝛾, 𝜂 are also 𝑟-fuzzy 𝐺𝑊-separated. 
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(2) If 𝜆𝑞𝜇 and either both are 𝑟-gfwo or 

both 𝑟-gfwc, then 𝜆 and 𝜇 are 𝑟-fuzzy                     

𝐺𝑊 -separated. 

(3) If 𝜆, 𝜇 ∈ 𝐼𝑋 − { } and there exist two    

𝑟-gfwo sets 𝛾, 𝜔 such that 𝜆 ≤   , 𝜇 ≤  , 

𝜆𝑞𝜔 and 𝜇𝑞𝛾 , then 𝜆 and 𝜇 are 𝑟-fuzzy 

𝐺𝑊 -separated. 

(4) If 𝜆, 𝜇 are either both 𝑟-gfwo or both -

gfwc, then 𝜆∧ ( −𝜇) and 𝜇∧ ( −𝜆) are       

𝑟-fuzzy      𝐺𝑊 -separated. 

Proof. (1) and (2) are obvious. 

(3) Let 𝛾 and 𝜔 be 𝑟-gfwo sets 

such that 𝜆 ≤  , 𝜇 ≤ 𝜔 , 𝜆𝑞𝜔 and 𝜇𝑞𝛾; then                   

𝜆 ≤  −𝜔, 𝜇 ≤  −𝛾 . Hence 𝐺𝑊𝐶𝜏 (𝜆, 𝑟) ≤ 

 −𝜔, (𝜇, 𝑟) ≤  −𝛾 which ii turn imply that 

𝐺𝑊(𝜆, 𝑟)𝑞𝜇 and 𝐺𝑊𝐶𝜏(𝜇, 𝑟)𝑞𝜆.       Thus 

𝜆 and 𝜇 are 𝑟-fuzzy 𝐺𝑊 -separated. 

(4) Let 𝜆 and 𝜇 be 𝑟-gfwo. Since 

𝜆∧( −𝜇) ≤  −𝜇. 𝐺𝑊𝐶𝜏 (𝜆∧( −𝜇), 𝑟) ≤  −𝜇 

and hence 𝐺𝑊𝐶𝜏(𝜆∧( −𝜇), 𝑟)𝑞𝜇. Then 

𝐺𝑊𝐶𝜏 (𝜆 ∧ (1−𝜇), 𝑟) 𝑞 (𝜇 ∧ (1−𝜆)). Again, 

since   ∧ (  − 𝜆) ≤ 1 − 𝜆. (𝜇 ∧ (1 − 𝜆), 𝑟) ≤ 

1 − 𝜆 and hence (𝜇∧( −𝜆), 𝑟) 𝑞𝜆.                                

Then 𝐺𝑊𝐶𝜏 (𝜇 ∧ (  − 𝜆), 𝑟) 𝑞 (𝜆 ∧ (  − 

𝜇)). Thus 𝜆 ∧ (  − 𝜇) and 𝜇 ∧ (  − 𝜆) are   

𝑟-fuzzy 𝐺𝑊 -separated. Similarly we can 

prove when 𝜆 and 𝜇 are 𝑟-gfwc. 

Theorem 2.2. Let (𝑋, 𝜏) be fts, and 𝜆, ∈ 𝐼𝑋, 

𝑟 ∈ 𝐼0. 

(1) If 𝜆, 𝜇 are 𝑟-fuzzy 𝑊𝐺-separated and 𝛾, 

𝜂 ∈ 𝐼𝑋 − { } such that 𝛾 ≤ 𝜆 and 𝜂 ≤ 𝜇, 

then  , 𝜂 are also 𝑟-fuzzy   𝑊𝐺-separated. 

(2) If 𝜆𝑞𝜇 are either both are 𝑟-wgfo or 

both 𝑟-wgfc, then 𝜆 and 𝜇 are 𝑟-fuzzy   

𝑊𝐺-separated. 

(3) If 𝜆, 𝜇 ∈ 𝐼𝑋 − { } and there exist two    

r-wgfo sets 𝛾, 𝜔 such that 𝜆 ≤  , 𝜇 ≤ 𝜔 , 

𝜆𝑞𝜔 and 𝜇𝑞𝛾 , then 𝜆 and 𝜇 are 𝑟-fuzzy       

𝑊𝐺-separated. 

(4) If 𝜆, 𝜇 are either both 𝑟-wgfo or both   

𝑟-wgfc, then 𝜆∧( −𝜇) and 𝜇∧( −𝜆) are    

𝑟-fuzzy    𝑊𝐺-separated. 

Proof. It is similarly proved as in Theorem 

2.1. 

Theorem 2.3.  Let (𝑋, 𝜏) be fts,                 

𝜆 ∈ 𝐼𝑋 − { } and 𝑟 ∈ 𝐼0. If 𝜆 is a 𝑟-fuzzy 

𝐺𝑊-connected set such that 𝜆 ≤ 𝜇 ≤ (𝜆, 𝑟), 

then 𝜇 is a also 𝑟-fuzzy 𝐺𝑊-connected. 

Proof. Suppose that 𝜇 is not 𝑟-fuzzy     

𝐺𝑊-connected. Then there exist 𝑟-fuzzy 

𝐺𝑊-separated sets 𝜔1 and 𝜔2 in 𝑋 such 

that     𝜇 = 𝜔1 ∨ 𝜔2 . Let 𝛾 = 𝜆 ∧ 𝜔1 and             

𝜔 = 𝜆 ∧ 𝜔2. Then 𝜆 = 𝛾 ∨ 𝜔. Since 𝛾 ≤ 𝜔1 

and 𝜔 ≤ 𝜔2, by Theorem 2.1. (1), 𝛾 and 𝜔 

are 𝑟-fuzzy 𝐺𝑊-separated, contradicting 

the 𝑟-fuzzy 𝐺𝑊-connectedness of 𝜆. Thus 

𝜇 is 𝑟-fuzzy 𝐺𝑊-connected. 

Theorem 2.4. Let (𝑋, 𝜏) be a fts,               

𝜆 ∈ 𝐼𝑋 − { } and 𝑟 ∈ 𝐼0. If 𝜆 is a 𝑟-fuzzy 

𝑊𝐺-connected set such that 𝜆 ≤ 𝜇 ≤ (𝜆, 𝑟), 

then 𝜇 is a also 𝑟-fuzzy 𝑊𝐺-connected. 

Proof. It is similarly proved as in Theorem 

2.3. 

3 Generalized fuzzy weakly 

continuous and fuzzy weakly 

generalized continuous 

Definition 3.1. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be a 

mapping and 𝑟 ∈ 𝐼0. Then 𝑓 is called: 

(1) Generalized fuzzy weakly continuous 

(𝐺𝐹𝑊-continuous, for short) if 𝑓−1
 (𝜇) is    

r -gfwo for each 𝜇 ∈  , 𝜏2(𝜇) ≥ 𝑟. 

(2) Fuzzy weakly generalized continuous 

(𝐹𝑊𝐺-continuous, for short) if 𝑓−1
 (𝜇) is  

r-gfwo for each 𝜇 ∈ 𝐼𝑌, 𝜏2 (𝜇) ≥ 𝑟. 

(3) Generalized fuzzy weakly open      

(𝐺𝐹𝑊 -open, for short) if (𝜆) is 𝑟-gfwo for 

each   ∈ 𝐼𝑋, 𝜏1(𝜆) ≥ 𝑟. 

(4) Fuzzy weakly generalized open   

(𝐹𝑊𝐺-open, for short) if (𝜆) is 𝑟-wgfo for 

each 𝜆 ∈ 𝐼𝑋, 𝜏1(𝜆) ≥ 𝑟. 
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(5) Generalized fuzzy weakly closed 

(𝐺𝐹𝑊 -closed, for short) if (𝜆) is 𝑟-gfwc 

for each 𝜆 ∈ 𝐼𝑋, 𝜏1(  − 𝜆) ≥ 𝑟. 

(6) Fuzzy weakly generalized closed 

(𝐹𝑊𝐺-closed, for short) if (𝜆) is 𝑟-gfwc 

for each 𝜆 ∈ 𝐼r, 𝜏1(  − 𝜆) ≥ 𝑟. 

From the above definitions it is clear that 

the following implications are true: 

  F–Continuity   →↚   Fw-Continuity   

→↚   GFW-Continuity   →↚    

FGW-Continuity ↛   GF–Continuity   

 ↛   F-Continuity. 

 

Example 3.1 Let 𝑋 = {𝑎, 𝑏} and 𝜇1,2,𝜇3 ∈ 

𝐼𝑋 defined as follows: 𝜇1(𝑎) = 0.6, 𝜇1(𝑏) = 

0.4; 𝜇2(𝑎) = 0.3, 𝜇2(𝑏) = 0.6; 𝜇3(𝑎) = 0.4, 

𝜇3(𝑏) = 0.6. Define fuzzy topologies 𝜏1, 𝜏2, 

𝜏3, 𝜏4 : 𝐼𝑋 → 𝐼 as follows:  

𝜏1(𝜆)={

             if λ ∈  {   } 

 
   

   
     if λ ∈  {       } 

                   t  r is 

                

𝜏2(𝜆) = {

             if  λ ∈  {   } 

 
   

   
               if λ ∈     

                   t  r is 

, 

𝜏3(𝜆)  =  

{
 
 

 
 
                                                     if λ ∈  {   } 
 

 
                                    if λ ∈  {𝜇  𝜇  ∨  𝜇 } 

 

 
      if λ ∈  {𝜇  𝜇  ∧  𝜇      𝜇  ∧  𝜇  } 

                                                         t  r is  

 

 𝜏4(𝜆)  =  {

             if  λ ∈  {   } 

 
   

   
                 if λ ∈ 𝜇  

                   t  r is 

    

(1) The identity mapping:                         

(𝑋, 𝜏1) → (𝑋, 𝜏2) is 𝐹𝑊𝐺-continuous 

(𝐺𝐹𝑊 -continuous) but it is neither 𝐺𝐹-

continuous nor 𝐹𝑊 -continuous because 

𝑓−1
(0.8) = 0.8 it is neither 

 

 
-gfc nor  

 

 
  -fwc 

in (𝑋, 𝜏1).  

(2) The identity mapping: (𝑋, 𝜏3) → (𝑋, 𝜏4) 

is 𝐹𝑊𝐺-continuous but not 𝐺𝐹𝑊-

continuous because 𝑓−1
(𝜇3) = 𝜇3 is not        

 

 
 -fgwc in (𝑋, 𝜏3).  

Theorem 3.1. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐺𝐹𝑊-continuous mapping. The following 

statements hold for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 

𝑟 ∈ 𝐼0. 

(1) f(𝐺𝑊𝐶𝜏1(𝜆, 𝑟)) ≤ 𝐶𝜏2(𝑓(𝜆), 𝑟). 

(2) 𝐺𝑊𝐶𝜏1(𝑓
−1

(𝜇), 𝑟) ≤ 𝑓−1
(𝐶𝜏2(𝜇, 𝑟)). 

(3) 𝑓−1
(𝐼𝜏2(𝜇, 𝑟)) ≤ 𝐺𝑊𝐼𝜏1(𝑓−1

(𝜇), 𝑟). 

Proof. (1)For each 𝜆 ∈ IX, 𝜏2( −𝐶𝜏2(𝑓(𝜆), 

𝑟)) ≥ 𝑟. Since 𝑓 is 𝐺𝐹𝑊-continuous then                

𝑓−1
 (𝐶𝜏2 ((𝜆), 𝑟)) is 𝑟-gfwc set of 𝑋.   Since 

𝑓(𝜆) ≤ 𝐶𝜏2(𝑓(𝜆), 𝑟) then                                          

𝜆 ≤ 𝑓−1
(𝑓(𝜆)) ≤ 𝑓−1

(𝐶𝜏2(𝑓(𝜆), 𝑟)) and so 

𝐺𝑊𝐶𝜏1(𝜆, 𝑟) ≤ 𝑓−1
(𝐶𝜏2(𝑓(𝜆), 𝑟)).                         

Hence (𝐺𝑊𝐶𝜏1 (𝜆, 𝑟)) ≤ 𝐶𝜏2 ((𝜆), 𝑟). 

 (2) For each 𝜇 ∈ IY, 𝜏2 (  − 𝐶𝜏2 (𝜇, 

𝑟)) ≥ 𝑟. Since 𝑓 is 𝐺𝐹𝑊 -continuous then 

𝑓−1
(𝐶𝜏2(𝜇, 𝑟)) is 𝑟-gfwc set of 𝑋 . Since     

𝜇 ≤ 𝐶𝜏2(𝜇, 𝑟) then 𝑓−1
(𝜇) ≤ 𝑓−1

(𝐶𝜏2(𝜇, 𝑟)) 

and so 𝐺𝑊𝐶𝜏1(𝑓
−1

(𝜇), 𝑟) ≤ 

𝐺𝑊𝐶𝜏1(𝑓
−1

(𝐶𝜏2(𝜇, 𝑟)),𝑟) = 𝑓−1
(𝐶𝜏2(𝜇, 𝑟)).  

(3) For each 𝜇 ∈ IY, 𝜏2(𝐼𝜏2(𝜇, 𝑟)) ≥ 

𝑟. Since 𝑓 is 𝐺𝐹𝑊-continuous, 𝑓−1
 (𝐼𝜏2 (𝜇, 

𝑟)) is      𝑟-gfwo set of 𝑋. Since 𝐼𝜏2(𝜇, 𝑟) ≤ 

𝜇 then 𝑓−1
(𝐼𝜏2(𝜇, 𝑟)) ≤ 𝑓−1(𝜇) and so                        

𝑓−1
(𝐼𝜏2(𝜇, 𝑟)) = 𝐺𝑊𝐼𝜏1(𝑓−1(𝐼𝜏2(𝜇, 𝑟)), 𝑟) 

≤ 𝐺𝑊𝐼𝜏1(𝑓−1(𝜇), 𝑟). 

Theorem 3.2. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐹𝑊𝐺-continuous mapping. The following 

statements hold for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 

𝑟 ∈ 𝐼0. 

(1) (𝑊𝐺𝐶𝜏1 (𝜆, 𝑟)) ≤ 𝐶𝜏2 (𝑓 (𝜆), 𝑟). 

(2) 𝑊𝐺𝐶𝜏1 (𝑓
−1

 (𝜇), 𝑟) ≤ 𝑓−1
 (𝐶𝜏2 (𝜇, 𝑟)). 

(3) 𝑓−1
 (𝐼𝜏2 (𝜇, 𝑟)) ≤ 𝑊𝐺𝐼𝜏1 (𝑓−1

 (𝜇), 𝑟). 

Proof. It is similarly proved as in Theorem 

3.1. 
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Theorem 3.3. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐺𝐹𝑊-open mapping. The following 

statements hold for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 

𝑟 ∈ 𝐼0. 

(1) (𝐼𝜏1(𝜆, 𝑟)) ≤ 𝐺𝑊𝐼𝜏2(𝑓(𝜆), 𝑟). 

(2) 𝐼𝜏1(𝑓−1(𝜇), 𝑟) ≤ 𝑓−1
(𝐺𝑊𝐼𝜏2(𝜇, 𝑟)). 

Proof. (1) For each 𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0
, since 

𝐼𝜏1(𝜆, 𝑟) ≤ 𝜆 then 𝑓(𝐼𝜏1(𝜆, 𝑟)) ≤ 𝑓(𝜆). Since          

𝜏1 (𝐼𝜏1(𝜆, 𝑟)) ≥ 𝑟 and 𝑓 is 𝐺𝐹𝑊 -open, then 

𝑓(𝐼𝜏1(𝜆, 𝑟)) is 𝑟-gfwo. Hence (𝐼𝜏1(𝜆, 𝑟)) ≤ 

𝐺𝑊𝐼𝜏2(𝑓(𝜆), 𝑟). (2) For all 𝜇 ∈ 𝐼𝑌 and        

𝑟 ∈ 𝐼0, put 𝜆 = 𝑓−1
 (𝜇). From (1), (𝐼𝜏1 

(𝑓−1
(𝜇), 𝑟)) ≤ 𝐺𝑊𝐼𝜏2(𝑓(𝑓−1

(𝜇), 𝑟) ≤ 

𝐺𝑊𝐼𝜏2(𝜇, 𝑟). Hence 𝐼𝜏1 (𝑓−1
(𝜇), 𝑟) ≤ 

𝑓−1
(𝑓(𝐼𝜏1(𝑓

−1
(𝜇), 𝑟))) ≤ 𝑓−1

(𝐺𝑊𝐼𝜏2(𝜇, 𝑟)). 

Theorem 3.4. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐹𝑊𝐺-open mapping. The following 

statements hold for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 

𝑟 ∈ 𝐼0. 

(1) (𝐼𝜏1 (𝜆, 𝑟)) ≤ 𝑊𝐺𝐼𝜏2 (𝑓 (𝜆), 𝑟). 

(2) 𝐼𝜏1 (𝑓
−1

 (𝜇), 𝑟) ≤ 𝑓−1
 (𝑊𝐺𝐼𝜏2 (𝜇, 𝑟)). 

Proof. It is similarly proved as in Theorem 

3.3. 

Theorem 3.5. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐺𝐹𝑊-closed. Then for each 𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 

𝐼0 we have (𝐶𝜏1(𝜆, 𝑟)) ≥ 𝐺𝑊𝐶𝜏2(𝑓(𝜆), 𝑟). 

Proof. For each 𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0, since 𝜆 ≤ 

𝐶𝜏1(𝜆, 𝑟) then 𝑓(𝜆) ≤ 𝑓(𝐶𝜏1(𝜆, 𝑟)).                   

Since 𝜏1(1 − 𝐶𝜏1(𝜆, 𝑟)) ≥ 𝑟 then 𝑓(𝐶𝜏1(𝜆, 

𝑟)) is 𝑟-gfwc set of 𝑌 .                                       

Hence (𝐶𝜏1 (𝜆, 𝑟)) ≥ 𝐺𝑊𝐶𝜏2 ((𝜆), 𝑟). 

Theorem 3.6. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝑊𝐹𝐺-closed. Then for each 𝜆 ∈ 𝐼𝑋 and      

𝑟 ∈ 𝐼0 we have (𝐶𝜏1 (𝜆, 𝑟)) ≥ 𝑊𝐺𝐶𝜏2 (𝑓 

(𝜆), 𝑟). 

Proof. It is similarly proved as in Theorem 

3.5. 

Theorem 3.7. Let f: (𝑋, 𝜏1) → (𝑌, 𝜏2) and 

g: (𝑌, 𝜏2) → (𝑍, 𝜏3) be mappings. Then      

𝑔 ∘ 𝑓 is: 

(1) 𝐺𝐹𝑊-continuous, if 𝑓 is 𝐺𝐹𝑊 -

continuous and 𝑔 is 𝐹 -continuous. 

(2) 𝐺𝐹𝑊-open, if 𝑓 is 𝐹-open and 𝑔 is 

𝐺𝐹𝑊-open. 

(3) 𝐺𝐹𝑊-closed, if 𝑓 is 𝐹-closed and 𝑔 is 

𝐺𝐹𝑊-closed. 

(4) 𝐹𝑊𝐺-continuous, if 𝑓 is 𝐹𝑊𝐺-

continuous and 𝑔 is 𝐹-continuous. 

(5) 𝐹𝑊𝐺-open, if 𝑓 is 𝐹-open and 𝑔 is 

𝐹𝑊𝐺-open. 

(6) 𝐹𝑊𝐺-closed, if 𝑓 is 𝐹 -closed and 𝑔 is 

𝐹𝑊𝐺-closed. 

Proof. 

 (1) Suppose that 𝜇 ∈ 𝐼𝑍, 𝜏3(𝜇) ≥ 𝑟 and 𝑟 ∈ 

𝐼0 . Since 𝑔 is 𝐹 -continuous, then                

𝜏2 (𝑔−1
(𝜇)) ≥ 𝑟, since 𝑓 is                     

𝐺𝐹𝑊-continuous, then 𝑓−1
(𝑔−1

(𝜇)) is         

𝑟-gfwo set in(𝑋,𝜏1).                                                

Thus (𝑔 ∘ 𝑓)
 −1

(𝜇) = 𝑓−1
(𝑔−1

(𝜇)) is 𝑟-gfwo 

and therefore 𝑔 ∘ 𝑓 is 𝐺𝐹𝑊-continuous.  

(2) Suppose that 𝜆 ∈ 𝐼𝑋, 𝜏1 (𝜆) ≥ 𝑟 and       

𝑟 ∈ 𝐼0. Since 𝑓 is 𝐹 -open, then                 

𝜏2 (𝑓 (𝜆)) ≥ 𝑟, since 𝑔 is 𝐺𝐹𝑊-open, then 

𝑔 (𝑓 (𝜆)) is 𝑟-gfwo set in (𝑍, 𝜏3).  

Thus     (𝑔 ∘ 𝑓) (𝜆) = 𝑔 (𝑓 (𝜆)) is 𝑟-gfwo 

and therefore 𝑔 ∘ 𝑓 is 𝐺𝐹𝑊 -open.  

(3) Suppose that 𝜆 ∈ 𝐼𝑋, 𝜏1 (1 − 𝜆) ≥ 𝑟 and 

𝑟 ∈ 𝐼0. Since 𝑓 is    𝐹 -closed, then 𝜏2 (1 − 

𝑓 (𝜆)) ≥ 𝑟. Since 𝑔 is 𝐺𝐹𝑊-closed, then 

((𝜆)) is        𝑟-gfwc set in (𝑍, 𝜏3).   

Thus (𝑔 ∘ 𝑓) (𝜆) = 𝑔 (𝑓 (𝜆)) is 𝑟-gfwc and 

therefore 𝑔 ∘ 𝑓 is 𝐺𝐹𝑊 -closed. 

(5) and (6) are similarly proved. 

 

4 Generalized fuzzy weakly 

irresolute and fuzzy weakly 

generalized irresolute mappings 

Definition 4.1. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be a 

mapping and 𝑟 ∈ 𝐼0. Then 𝑓 is called: 
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(1) Generalized fuzzy weakly irresolute 

(𝐺𝐹𝑊-irresolute, for short) if 𝑓−1
(𝜇) is     

𝑟-gfwo for each 𝜇 ∈ 𝐼Y is 𝑟-gfwo. 

(2) Fuzzy weakly generalized irresolute 

(𝐹𝑊𝐺-irresolute, for short) if 𝑓−1(𝜇) is     

𝑟-wgfo for each 𝜇 ∈ 𝐼Y is 𝑟-wgfo. 

(3) Generalized fuzzy weakly irresolute 

open (𝐺𝐹𝑊-irresolute open, for short) if 

(𝜆) is         𝑟-gfwo for each 𝜆 ∈ 𝐼𝑋 is          

𝑟-gfwo. 

(4) Fuzzy weakly generalized irresolute 

open (𝐹𝑊𝐺-irresolute open, for short) if 

(𝜆) is         𝑟-wgfo for each 𝜆 ∈ 𝐼𝑋 is          

𝑟-wgfo. 

(5) Generalized fuzzy weakly irresolute 

closed (𝐺𝐹𝑊 -irresolute closed, for short) 

if (𝜆) is   𝑟-gfwc for each 𝜆 ∈ 𝐼𝑋 is 𝑟-gfwc. 

(6) Fuzzy weakly generalized irresolute 

closed (𝐹𝑊𝐺-irresolute closed, for short) 

if (𝜆) is    𝑟-gfwc for each 𝜆 ∈ 𝐼𝑋 is 𝑟-wgfc. 

(7) 𝐺𝐹𝑊-irresolute homeomorphism iff is 

bijective and both of 𝑓 and 𝑓−1
 are 𝐺𝐹𝑊 -

irresolute. 

(8) 𝐹𝑊𝐺-irresolute homeomorphism iff is 

bijective and both of 𝑓 and 𝑓−1
 are 𝐹𝑊𝐺-

irresolute. 

From the above definitions it is clear that 

the following implications are true: 

GFW-irresolute →↚ GFW-continuity 

→↚ FWG–continuity irresolute →↚ 

FWG - irresolute  

Example 4.1 Let 𝑋 = {𝑎, 𝑏} and 𝜇1, 𝜇2, 𝜇3 

∈ 𝐼𝑋 defined as follows: 𝜇1(𝑎) = 0.6, 𝜇(𝑏) = 

0.4; 𝜇2(𝑎) = 0.3, 𝜇2(𝑏) = 0.6; 𝜇3(𝑎) = 0.4, 

𝜇3(𝑏) = 0.6. Define fuzzy topologies  

𝜏1, 𝜏2: 𝐼𝑋 → 𝐼 as follows: 

  𝜏1(𝜆) =  

{
 
 

 
 
                                           λ ∈  {   } 
 

 
                     if λ ∈  {𝜇  𝜇  ∨  𝜇 } 

 

 
                       𝜇      𝜇  ∧  𝜇  } 

                                          t  r is  

  

𝜏2(𝜆) =  {

             if  λ ∈  {   } 

 
   

   
                 if λ ∈     

                   t  r is 

 

The identity mapping: (𝑋, 𝜏1) → (𝑋, 𝜏2) is 

𝐺𝐹𝑊-continuous but not 𝐺𝐹𝑊 irresolute 

because 𝑓−1
 (𝜇3) = 𝜇3 is not 

 

 
-gfwc in     

(𝑋, 𝜏1). 

Example 4.2 Let 𝑋 = {𝑎, 𝑏, 𝑐} and 

𝜇1,𝜇2,𝜇3 𝜇4, ∈ 𝐼𝑋, defined as follows: 𝜇1 = 

   ; 𝜇2 =    ;   𝜇3 =    ; 𝜇3(𝑏) =    , 𝜇3(𝑐) 

=    , 𝜇4(𝑎) =    , 𝜇4(𝑏) =    , 𝜇4(𝑐) =    . 

Define fuzzy topologies 𝜏1, 𝜏2: 𝐼𝑋 → 𝐼 as 

follows:  

         𝜏3(𝜆) =  {

                      if  λ ∈  {   } 

 
   

   
                 if λ ∈ {𝜇  𝜇 } 

                           t  r is 

     

,       𝜏2(𝜆) =  {

             if  λ ∈  {   } 

 
   

   
                 if λ ∈ 𝜇  

                   t  r is 

 

The identity mapping: (𝑋, 𝜏1) → (𝑋, 𝜏2) is 

𝐹𝑊𝐺-continuous but not 𝐹𝑊𝐺 irresolute 

because 𝑓−1
 (𝜇4) = 𝜇4 is not 

 

 
-gfwc in      

(𝑋, 𝜏1). 

Theorem 4.1. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐺𝐹𝑊 -irresolute mapping. The following 

statements hold for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 

𝑟 ∈ 𝐼0. 

(1) (𝐺𝑊𝐶𝜏1 (𝜆, 𝑟)) ≤ 𝑊𝐶𝜏2 (𝑓 (𝜆), 𝑟).   

(2) 𝐺𝑊𝐶𝜏1 (𝑓
−1

 (𝜇), 𝑟) ≤ 𝑓−1
 (𝑊𝐶𝜏2 (𝜇, 𝑟)). 

(3) 𝑓−1
 (𝑊𝐼𝜏2 (𝜇, 𝑟)) ≤ 𝐺𝑊𝐼𝜏1 (𝑓

−1
 (𝜇), 𝑟). 

(4) If 𝑓 is bijective, then 𝑊𝐼𝜏2 ((𝜆), 𝑟) ≤ 

(𝐺𝑊𝐼𝜏1(𝜆, 𝑟)). 

Proof. For each 𝜆 ∈ I
X
, 𝑊𝐶𝜏2 (𝑓 (𝜆), 𝑟)) is 

𝑟-gfwc set of  . Since 𝑓 is 𝐺𝐹𝑊-irresolute 

then 𝑓−1
 (𝑊𝐶𝜏2 (𝑓 (𝜆), 𝑟)) is 𝑟-gfwc set of 

X. Since 𝑓(𝜆) ≤ 𝑊𝐶𝜏2(𝑓(𝜆), 𝑟) then              

𝜆 ≤ 𝑓−1
(𝑓(𝜆)) ≤ 𝑓−1

(𝑊𝐶𝜏2(𝑓(𝜆), 𝑟)) and 

𝐺𝑊𝐶𝜏1(𝜆, 𝑟) ≤ 𝑓−1
(𝑊𝐶𝜏2(𝑓(𝜆), 𝑟)).     

Hence (𝐺𝑊𝐶𝜏1 (𝜆, 𝑟)) ≤ 𝑊𝐶𝜏2 ((𝜆), 𝑟).  
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(2) For each 𝜇 ∈ I
Y
, 𝑊𝐶𝜏2 (𝜇, 𝑟) is 𝑟-gfwc 

set of 𝑌. Since 𝑓 is 𝐺𝐹𝑊-irresolute then              

𝑓−1
 (𝑊𝐶𝜏2(𝜇, 𝑟)) is 𝑟-gfwc set of 𝑋 . Since 

𝜇 ≤ 𝑊𝐶𝜏2 (𝜇, 𝑟) then 𝑓−1
 (𝜇) ≤ 𝑓−1

 (𝑊𝐶𝜏2 

(𝜇, 𝑟)). Then 𝐺𝑊𝐶𝜏1 (𝑓
−1

 (𝜇), 𝑟) ≤ 𝐺𝑊𝐶𝜏1 

(𝑓−1
 (𝑊𝐶𝜏2 (𝜇, 𝑟)), 𝑟) = 𝑓−1

 (𝑊𝐶𝜏2 (𝜇, 𝑟)).  

(3) For each 𝜇 ∈ I
Y
, 𝑊𝐼𝜏2(𝜇, 𝑟)) is 𝑟-gfwo 

set of 𝑌 . Since 𝑓 is 𝐺𝐹𝑊-irresolute, then 

𝑓−1
(𝑊𝐼𝜏2(𝜇, 𝑟)) is 𝑟-gfwo set of 𝑋 . Since 

𝑊𝐼𝜏2(𝜇, 𝑟) ≤ 𝜇 then 𝑓−1
(𝑊𝐼𝜏2(𝜇, 𝑟)) ≤ 

𝑓−1
(𝜇) and so 𝑓−1

(𝑊𝐼𝜏2(𝜇, 𝑟)) = 

𝐺𝑊𝐼𝜏1(𝑓
−1

(𝑊𝐼𝜏2(𝜇, 𝑟)), 𝑟) ≤ 

𝐺𝑊𝐼𝜏1(𝑓
−1(𝜇), 𝑟).  

(4) Let 𝑓 be 𝐺𝐹𝑊 -irresolute and 𝜆 ∈ 𝐼𝑋, 𝑟 

∈ 𝐼0. Then 𝑓−1
(𝑊𝐼𝜏2(𝑓(𝜆), 𝑟)) is 𝑟-gfwo. 

By (3), and the fact that 𝑓 is injective, we 

have𝑓−1
(𝑊𝐼𝜏2(𝑓(𝜆),𝑟)) ≤ 𝐺𝑊𝐼𝜏1(𝑓

−1
(𝑓(𝜆)), 

𝑟) = 𝐺𝑊𝐼𝜏1(𝜆, 𝑟) since 𝑓 is surjective, we 

have 𝑊𝐼𝜏2(𝑓(𝜆), 𝑟)) = (𝑓(𝑓−1
(𝐺𝑊𝐼𝜏1(𝜆, 

𝑟))) ≤ 𝑓(𝐺𝑊𝐼𝜏1(𝜆, 𝑟)). 

Theorem 4.2. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐹𝑊𝐺-irresolute mapping. The following 

statements hold for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 
and 

𝑟 ∈ 𝐼0. 

(1) (𝑊𝐺𝐶𝜏1 (𝜆, 𝑟)) ≤ 𝑊𝐶𝜏2 (𝑓 (𝜆), 𝑟). 

(2) 𝑊𝐺𝐶𝜏1 (𝑓
−1

 (𝜇), 𝑟) ≤ 𝑓−1
 (𝑊𝐶𝜏2 (𝜇, 𝑟)). 

(3) 𝑓−1
 (𝑊𝐼𝜏2 (𝜇, 𝑟)) ≤ 𝑊𝐺𝐼𝜏1 (𝑓

−1
 (𝜇), 𝑟). 

(4) If 𝑓 is bijective, then 𝑊𝐼𝜏2 (𝑓 (𝜆), 𝑟) ≤ 

𝑓 (𝑊𝐺𝐼𝜏1 (𝜆, 𝑟)). 

Proof. It is similarly proved as in Theorem 

4.1. 

Theorem 4.3. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐺𝐹𝑊-irresolute open mapping. The 

following statements hold for each 𝜆 ∈ 𝐼𝑋, 

𝜇 ∈ 𝐼𝑌 and 𝑟 ∈ 𝐼0. 

(1) (𝑊𝐼𝜏1(𝜆, 𝑟)) ≤ 𝐺𝑊𝐼𝜏2(𝑓(𝜆), 𝑟). 

(2) 𝑊𝐼𝜏1(𝑓
−1

(𝜇), 𝑟) ≤ 𝑓−1
(𝐺𝑊𝐼𝜏2(𝜇, 𝑟)). 

Proof. (1) For each 𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0 , 

since 𝑊𝐼𝜏1(𝜆, 𝑟) ≤ 𝜆 then 𝑓(𝑊𝐼𝜏1(𝜆, 𝑟)) ≤ 

𝑓(𝜆). Since 𝑊𝐼𝜏1(𝜆, 𝑟) is 𝑟-gfwo and 𝑓 is 

𝐺𝐹𝑊 -irresolute open, then 𝑓(𝑊𝐼𝜏1(𝜆, 𝑟)) 

is 𝑟-gfwo. Hence (𝑊𝐼𝜏1(𝜆, 𝑟)) ≤ 

𝐺𝑊𝐼𝜏2(𝑓(𝜆), 𝑟). (2) For all 𝜇 ∈ 𝐼𝑌 and 𝑟 ∈ 

𝐼0 , put 𝜆 = 𝑓−1(𝜇). From (1), 

(𝑊𝐼𝜏1(𝑓−1(𝜇), 𝑟)) ≤ 𝐺𝑊𝐼𝜏2(𝑓(𝑓−1(𝜇), 𝑟) 

≤ 𝐺𝑊𝐼𝜏2(𝜇, 𝑟). Then 𝑊𝐼𝜏1(𝑓−1(𝜇), 𝑟) ≤ 

𝑓−1(𝑓(𝑊𝐼𝜏1(𝑓−1(𝜇), 𝑟))) ≤ 𝑓−1(𝐺𝑊𝐼𝜏2(𝜇, 

𝑟)). 

Theorem 4.4. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐹𝑊𝐺-irresolute open mapping. Then 

following statements hold for each 𝜆 ∈ 𝐼𝑋, 

𝜇 ∈ 𝐼𝑌 and 𝑟 ∈ 𝐼0. 

(1) (𝑊𝐼𝜏1(𝜆, 𝑟)) ≤ 𝑊𝐺𝐼𝜏2(𝑓(𝜆), 𝑟). 

(2) 𝑊𝐼𝜏1(𝑓−1(𝜇), 𝑟) ≤ 𝑓−1(𝑊𝐺𝐼𝜏2(𝜇, 𝑟)). 

Proof. It is similarly proved as in Theorem 

4.3. 

Theorem 4.5. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐺𝐹𝑊-irresolute closed mapping and 

bijective. The following statements hold 

for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 𝑟 ∈ 𝐼0. 

(1) (𝑊𝐶𝜏1(𝜆, 𝑟)) ≥ 𝐺𝑊𝐶𝜏2(𝑓(𝜆), 𝑟). 

(2) 𝑓−1
(𝐺𝑊𝐶𝜏2(𝜇, 𝑟)) ≤ 𝑊𝐶𝜏1(𝑓

−1
(𝜇), 𝑟). 

(3) 𝑓 is 𝐺𝐹𝑊-irresolute closed iff 𝑓 is 

𝐺𝐹𝑊-irresolute open. 

Proof. (1) For each 𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0, since 

𝜆 ≤ 𝑊𝐶𝜏1(𝜆, 𝑟) then 𝑓(𝜆) ≤ 𝑓(𝑊𝐶𝜏1(𝜆, 𝑟)). 

Since 𝑊𝐶𝜏1(𝜆, 𝑟) is 𝑟-gfwc set of 𝑋 , then 

𝑓(𝑊𝐶𝜏1(𝜆, 𝑟)) is gfwc set of 𝑌 . Hence 

(𝑊𝐶𝜏1(𝜆, 𝑟)) ≥ 𝐺𝑊𝐶𝜏2(𝑓(𝜆), 𝑟).  

(2) Let 𝑓 be 𝐺𝐹𝑊-irresolute closed. By 

(1), then For each 𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0, we 

have (𝑊𝐶𝜏1(𝜆, 𝑟)) ≥ 𝐺𝑊𝐶𝜏2(𝑓(𝜆), 𝑟). For 

all 𝜇 ∈ 𝐼𝑌 and 𝑟 ∈ 𝐼0. Put 𝜆 = 𝑓−1
(𝜇). Since 

𝑓 is surjective, (𝑓−1
(𝜇)) = 𝜇. Thus, 

(𝑊𝐶𝜏1(𝑓
−1

(𝜇), 𝑟)) ≥ 𝐺𝑊𝐶𝜏2(𝑓(𝑓−1
(𝜇), 𝑟) = 

𝐺𝑊𝐶𝜏2(𝜇, 𝑟).          It implies 

𝑊𝐶𝜏1(𝑓
−1

(𝜇), 𝑟) = 𝑓−1
(𝑓(𝑊𝐶𝜏1(𝑓

−1
(𝜇), 𝑟))) 

≥ 𝑓−1
(𝐺𝑊𝐶𝜏2(𝜇, 𝑟)) (by 𝑓 is injective). 

(3) It is easily proved. 

Theorem 4.6. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐹𝑊𝐺-irresolute closed mapping and 



2198 
 

bijective. The following statements hold 

for each 𝜆 ∈ 𝐼𝑋, 𝜇 ∈ 𝐼𝑌 and 𝑟 ∈ 𝐼0. 

(1) (𝑊𝐶𝜏1(𝜆, 𝑟)) ≥ 𝑊𝐺𝐶𝜏2(𝑓(𝜆), 𝑟). 

(2) 𝑓−1
(𝑊𝐺𝐶𝜏2(𝜇, 𝑟)) ≤ 𝑊𝐶𝜏1(𝑓

−1
(𝜇), 𝑟). 

(3) 𝑓 is 𝐹𝑊𝐺-irresolute closed iff 𝑓 is 

𝐹𝑊𝐺-irresolute open. 

Proof. It is similarly proved as in Theorem 

4.5. 

Theorem 4.7. If: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 𝐹 -

irresolute, 𝐹 -open and bijective map. Then 

𝑓 is 𝐹𝑊𝐺-irresolute. 

Proof. Let 𝜇 ∈ 𝐼𝑌 be a 𝑟-wgfc set. We will 

show that 𝑓−1
(𝜇) is 𝑟-wgfc set. Let 𝑓−1

(𝜇) ≤ 

𝛾 with 𝜏1(𝛾) ≥ 𝑟. Since 𝑓 is onto and   -

open, 𝜇 = (𝑓−1
(𝜇)) ≤ 𝑓(𝛾) with 𝜏2(𝑓(𝛾)) ≥ 𝑟. 

Since 𝜇 is 𝑟-wgfc, 𝑊𝐶𝜏2(𝜇, 𝑟) ≤ 𝑓(𝛾). 

Since 𝑓 is injective, 𝑓−1
(𝑊𝐶𝜏2(𝜇, 𝑟)) ≤ 

𝑓−1
(𝑓(𝛾)) = 𝛾 . Since 𝑓 is 𝐹 -irresolute, 

𝑓−1
(𝑊𝐶𝜏2(𝜇, 𝑟)) is 𝑟-wgfc. Hence, 

𝑊𝐶𝜏1(𝑓
−1

(𝜇), 𝑟)) ≤ 𝑊𝐶𝜏1(𝑓
−1

(𝑊𝐶𝜏2(𝜇,𝑟), 

𝑟)), 𝑟) ≤ 𝛾 . Thus, 𝑓−1
(𝜇) is 𝑟-wgfc set. 

Theorem 4.8. If: (𝑋, 𝜏1) → (𝑌, 𝜏2) and: (𝑌, 

𝜏2) → (𝑍, 𝜏3) be mappings and 𝑟 ∈ 𝐼0.        

Then 𝑔 ∘ 𝑓 is: 

(1) 𝐺𝐹𝑊-irresolute (resp. 𝐹𝑊𝐺-

irresolute), if 𝑓 and 𝑔 are both 𝐺𝐹𝑊 

irresolute (resp. 𝐹𝑊𝐺-irresolute). 

(2) 𝐺𝐹𝑊-irresolute open (resp. 𝐹𝑊𝐺-

irresolute open), if 𝑓 and 𝑔 are both 𝐺𝐹𝑊-

irresolute open (resp. 𝐹𝑊𝐺-irresolute 

open). 

(3) 𝐺𝐹𝑊-irresolute closed (resp. 𝐹𝑊𝐺-

irresolute closed), if 𝑓 and 𝑔 are both 

𝐺𝐹𝑊-irresolute closed (resp. 𝐹𝑊𝐺-

irresolute closed). 

(4) 𝐺𝐹𝑊-continuous (resp. 𝐹𝑊𝐺-

continuous), if 𝑓 is 𝐺𝐹𝑊-irresolute (resp. 

𝐹𝑊𝐺-irresolute) and 𝑔 is 𝐺𝐹𝑊-continuous 

(resp. 𝐹𝑊𝐺-continuous). 

(5) 𝐺𝐹𝑊-open (resp. 𝐹𝑊𝐺-open), if 𝑓 is 

𝐺𝐹𝑊-open (resp. 𝐹𝑊𝐺-open) and 𝑔 is                    

𝐺𝐹𝑊 -irresolute open (resp. 𝐹𝑊𝐺-

irresolute open). 

(6) 𝐺𝐹𝑊-closed (resp. 𝐹𝑊𝐺-closed), if 𝑓 

is 𝐺𝐹𝑊-closed (resp. 𝐹𝑊𝐺closed) and 𝑔 is              

𝐺𝐹𝑊-irresolute closed (resp. 𝐹𝑊𝐺-

irresolute closed). 

Proof. It is similarly proved as in Theorem 

3.7. 

Definition 4.2. A fts (𝑋, τ) is called          

𝑟-𝑊𝐹𝑇1/2 if (1−𝜆) ≥ 𝑟 for each 𝑟-wgfc set 

𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0. 

It is clear that 𝑟-𝑊𝐹𝑇1/2 implies that       

𝑟-𝐹𝑇1/2. 

Theorem 4.9. A fts (𝑋,τ) is called            

𝑟-𝑊𝐹𝑇1/2 iff 𝑊(𝜆,𝑟) = 𝐶𝜏(𝜆,𝑟) for each      

𝜆 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0 . 

Proof. (⇒) Let (𝑋, τ) be 𝑟-𝑊𝐹𝑇1/2. By 

definition of 𝑊𝐺𝐶𝜏 and 𝐶𝜏, we have (𝜆,) = 

𝐶𝜏(𝜆,𝑟) for each 𝜆 ∈ 𝐼𝑋 and          𝑟 ∈ 𝐼0. 

(⇐) Suppose (𝑋,τ) is not 𝑟-𝑊𝐹𝑇1/2 . There 

exist 𝑟-wgfc      𝜇 ∈ 𝐼𝑋 and 𝑟 ∈ 𝐼0 such that 

τ(1 − 𝜆) < 𝑟.                          Hence 𝑊𝐺𝐶𝜏 

(𝜇, 𝑟) = 𝜇 but 𝐶𝜏 (𝜇,τ) ≠ 𝜇.                              

Thus WG𝐶𝜏 (𝜆, τ)≠ 𝐶𝜏(𝜆,𝑟) it is a 

contradiction. Then (𝑋,τ) is 𝑟-𝑊𝐹𝑇1/2 . 

Theorem 4.10. Let: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

mappings and 𝑟 ∈ 𝐼0. Then following 

statements hold. 

(1) If (𝑋,τ1) is 𝑟-𝑊𝐹𝑇1/2 , then the concepts 

of 𝐹-continuity, 𝑊𝐹-continuity, 𝐺𝐹𝑊-

continuity, 𝐹𝑊𝐺-continuity, and            

𝐺𝐹-continuity are equivalent. 

(2) If (𝑌,τ2) is 𝑟-𝑊𝐹𝑇1/2, then the concepts 

of 𝐺𝐹𝑊-continuity and 𝐺𝐹𝑊 irresolute are 

equivalent. Also, concepts of 𝐹𝑊𝐺-

continuity and 𝐹𝑊𝐺irresolute are 

equivalent. 

(3) If (𝑋,1) and (𝑌,𝜏2) are 𝑟-𝑊𝐹𝑇1/2 , then 

the concepts of 𝐹 continuity,                 

𝐹𝑊-continuity,   𝐺𝐹𝑊 -continuity,      

𝐹𝑊𝐺-continuity, 𝐺𝐹 continuity,         
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𝐺𝐹𝑊-irresolute and 𝐹𝑊𝐺-irresolute are 

equivalent. 

Theorem 4.11. Let f: (𝑋, 𝜏1) → (𝑌, 𝜏2) and  

g: (𝑌, 𝜏2) → (𝑍, 𝜏3) be 𝐺𝐹𝑊-continuous 

(resp. 𝐹𝑊𝐺-continuous) and (𝑌, 𝜏2) be     

𝑟-𝑊𝐹𝑇1/2 . Then 𝑔 ∘ f : (𝑋, 𝜏1) → (𝑍, 𝜏3) is 

𝐺𝐹𝑊-continuous (resp. 𝐹𝑊𝐺-continuous). 

 

5 Some applications of 𝑟-weakly 

generalized fuzzy closed sets 

Definition 5.1. A fts (𝑋, 𝜏) is said to be: 

(1) 𝑟-𝐹𝑊𝐺-regular iff 𝑥𝑡𝑞𝜆 for each          

𝑟-wgfc 𝜆 ∈ 𝐼𝑋 implies that there exists          

𝜇𝑖 ∈ 𝐼𝑋 with      (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} such 

that 𝑥𝑡 ∈ 𝜇1, 𝜆 ≤ 𝜇2 and 𝜇1𝑞𝜇2. 

(2) 𝑟-𝐹𝑊𝐺-normal iff 𝜆1𝑞𝜆2 for each       

𝑟-wgfc sets 𝜆𝑖 ∈ 𝐼𝑋 for 𝑖 ∈ {1, 2} implies 

that there exists 𝜇𝑖 ∈ 𝐼𝑋 with 𝜏 (𝜇𝑖) ≥ 𝑟 for 

such that 𝜆𝑖 ≤ 𝜇𝑖 and 𝜇1𝑞𝜇2. 

Theorem 5.1. Let (𝑋, 𝜏) be a fts and 𝑟 ∈ 𝐼0. 

Then the following statements are 

equivalent. 

(1) (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular. 

(2) If 𝑥𝑡 ∈ 𝜆 for each 𝑟-wgfc 𝜆 ∈ I
X
, there 

exists 𝜇 ∈ 𝐼𝑋 with (𝜇) ≥ 𝑟 such that 𝑥𝑡 ∈ 𝜇 

≤ (𝜇,) ≤ 𝜆. 

(3) If 𝑥𝑡𝑞𝜆 for each 𝑟-wgfc 𝜆 ∈ I
X
, there 

exists 𝜇𝑖 ∈ 𝐼𝑋 with 𝜏 (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} 

such that 𝑥𝑡 ∈ 𝜇1, 𝜆 ≤ 𝜇2 and 

(𝜇1,) 𝑞𝐶𝜏(𝜇2,𝑟). 

Proof. (1) ⇒ (2) Let 𝑥𝑡 ∈ 𝜆 for each          

𝑟-wgfo 𝜆. Then (  − 𝜆) for 𝑟wgfc (  − 𝜆). 

Since (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular, there exist 

𝜇, 𝛾 ∈ 𝐼𝑋 with (𝜇) ≥ 𝑟, (𝛾) ≥ 𝑟 such that 𝑥𝑡 

∈ 𝜇,   − 𝜆 ≤ 𝛾 and 𝜇.    It implies 𝑥𝑡 ∈ 𝜇 ≤ 

1 − 𝛾 ≤ 𝜆. Since (𝛾) ≥ 𝑟, 𝑥𝑡 ∈ 𝜇 ≤ (𝜇,) ≤ 𝜆.  

(2) ⇒ (3) Let 𝑥𝑡𝑞𝜆 for each 𝑟-wgfc. Then 

𝑥𝑡 ∈   − 𝜆 for 𝑟-wgfo   − 𝜆. By (2), there 

exist       𝜇 ∈ 𝐼𝑋 with τ(𝜇) ≥ 𝑟 such that 𝑥𝑡 

∈ 𝜇 ≤ (𝜇, r) ≤   − 𝜆. Since τ(𝜇) ≥ 𝑟, 𝜇 is     

𝑟-wgfo and 𝑥𝑡 ∈ 𝜇. Again, by (2), there 

exist 𝜇1 ∈ 𝐼𝑋 with (𝜇1) ≥ 𝑟 such that 𝑥𝑡 ∈ 𝜇1 

≤ (𝜇1,r) ≤ 𝜇 ≤ 𝐶𝜏(𝜇,𝑟) ≤   − 𝜆. It implies 𝜆 

≤ ( −(𝜇,𝑟)) = 𝐼𝜏(( −𝜇),𝑟) ≤  −𝜇. Put        

𝜇2 = Ir ( −𝜇, r), then τ(𝜇2) ≥ 𝑟. So, Cτ(𝜇2,r) 

≤   − 𝜇 ≤   − 𝐶(𝜇1,𝑟), that is, 

𝐶𝜏(𝜇1,𝑟)𝑞𝐶𝜏(𝜇2,𝑟). (3) ⇒ (1) It is trivial. 

Theorem 5.2. Let (𝑋, 𝜏) be a fts and           

𝑟 ∈ 𝐼0. Then the following statements are 

equivalent. 

(1) (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-normal. 

(2) If 𝛾 ≤ 𝜆 for each 𝑟-wgfc set 𝛾 ∈ 𝐼𝑋 
and 

𝑟-wgfo set 𝜆 ∈ 𝐼𝑋 
, there exists 𝜇 ∈ 𝐼𝑋 with 

𝜏(𝜇) ≥ 𝑟 such that 𝛾 ≤ 𝜇 ≤ 𝐶𝜏(𝜇,𝑟) ≤ 𝜆.  

(3) If 𝜆1𝑞𝜆2 for each 𝑟-wgfc sets 𝜆𝑖 ∈ 𝐼𝑋 

for 𝑖 ∈ {1, 2}, there exists 𝜇𝑖 ∈ 𝐼𝑋 with 𝜏 

(𝜇𝑖) ≥ 𝑟 such that 𝜆𝑖 ≤ 𝜇𝑖 and 

(𝜇1,)𝑞𝐶𝜏(𝜇2,𝑟). 

Proof. It is similarly proved as in Theorem 

5.1. 

Theorem 5.3. Let (𝑋, 𝜏) be a fts. Then the 

following statements hold. 

(1) Every 𝑟-𝐹𝑊𝐺-regular (𝑟-𝐹𝑊𝐺-normal) 

space is 𝑟-𝐺𝐹𝑅2 (𝑟-𝐺𝐹𝑅3). 

(2) Every 𝑟-𝐹𝑊𝐺-regular (𝑟-𝐹𝑊𝐺-normal) 

space is 𝑟-𝐹𝑅2 (𝑟-𝐹𝑅3). 

(3) A fts (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular (𝑟-𝐹𝑊𝐺-

normal) iff it is 𝑟-𝐺𝐹𝑅2 (𝑟𝐺𝐹𝑅3) and         

𝑟-𝐹𝑊𝑇1/2. 

(4) A fts (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular (𝑟-𝐹𝑊𝐺-

normal) iff it is 𝑟-𝐹𝑅2 (𝑟-𝐹𝑅3) and            

𝑟-𝐹𝑊𝑇1/2. 

Proof. (1) For 𝑥𝑡𝑞𝜆 with 𝑟-gfc set 𝜆 ∈ 𝐼𝑋, 

then 𝜆 is 𝑟-wgfc. Since (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-

regular, there exist 𝜇𝑖 ∈ 𝐼𝑋 with τ(𝜇𝑖) ≥ 𝑟 

for 𝑖 ∈ {1, 2} such that 𝑥𝑡 ∈ 𝜇1, 𝜆 ≤ 𝜇2 and 

𝜇1𝑞𝜇2 .           Hence (𝑋, 𝜏) is 𝑟-𝐺𝐹𝑅2.  

(2) For 𝑥𝑡𝑞𝜆 with τ(  − 𝜆) ≥ 𝑟, then 𝜆 is    

𝑟-wgfc. Since (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺regular, 

there exist       𝜇𝑖 ∈ 𝐼𝑋 with τ(𝜇𝑖) ≥ 𝑟 for              

𝑖 ∈ {1,2} such that 𝑥𝑡 ∈ 𝜇1, 𝜆 ≤ 𝜇2 and 

𝜇1𝑞𝜇2.  Hence (𝑋, 𝜏) is   𝑟-𝐹𝑅2. 
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(3) (⇒) Let (𝑋, 𝜏) be 𝑟-𝐹𝑊𝐺-regular. By 

(1), we only show that (𝑋, 𝜏) is 𝑟-𝐹𝑊𝑇1/2.              

If 𝜆 ∈ {0, 1}, then 𝜆 is 𝑟-wgfc and        

τ(𝜆) = 1. Let 𝜆 ∉{0, 1} be 𝑟-wgfc. For 𝑥𝑡 ∈ 

(  − 𝜆) with   𝑟-wgfc 𝜆, by Theorem 

5.1.(2), There exists 𝜇𝑥𝑡 ∈ 𝐼𝑋 with 𝜏(𝜇𝑥𝑡) ≥ 

𝑟 such that 𝑥𝑡 ∈ 𝜇𝑥𝑡 ≤ 𝐶𝜏(𝜇𝑥𝑡,𝑟) ≤   − 𝜆. 

Hence   − 𝜆 =⋁{𝜇𝑥𝑡∣𝐶𝜏(𝜇𝑥𝑡,𝑟) ≤   − 𝜆, 

𝜏(𝜇𝑥𝑡) ≥ 𝑟}. So, τ(1 − 𝜆) ≥ 𝑟. Hence (𝑋, 𝜏) 

is 𝑟-𝐹𝑊𝑇1/2. (⇐) It is easily proved. 

(4) (⇒) It is easily proved from (2) and (3). 

(⇐) It is easily proved. 

Theorem 5.4. Let (𝑋, 𝜏) be a fts. Then the 

following statements hold. 

(1) If (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular, then it is     

𝑟-𝐹𝑅0. 

(2) If (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular, then it is    

𝑟-𝐹𝑇21/2. 

(3) If (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular, then it is    

𝑟-𝐹𝑇3. 

(4) If (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-normal and 𝑟-𝐹𝑅0, 

then it is 𝑟-𝐹𝑊𝐺-regular. 

(5) If (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-normal and 𝑟-𝐹𝑅0, 

then it is 𝑟-𝐹𝑇4. 

Proof. (1) Let 𝑥t𝑞(𝑦𝑠,𝑟) for any distinct 

fuzzy points 𝑥𝑡,𝑦𝑠 ∈ 𝑃𝑡(𝑋). Since Cτ(𝑦𝑠,r) 

is 𝑟-wgfc and (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular, 

then there exist 𝜇𝑖 ∈ 𝐼𝑋 with 𝜏 (𝜇𝑖) ≥ 𝑟 for 𝑖 

∈ {1,2} such that 𝑥𝑡 ∈ 𝜇1, 𝑦𝑠 ∈ 𝐶𝜏(𝑦𝑠,𝑟) ≤ 

𝜇2 and 𝜇1𝑞𝜇2 . It implies 𝑥𝑡 ∈ 𝜇1 ≤ 1 − 𝜇2 ≤ 

1 − (𝑦𝑠,r) ≤   − 𝑦 . Thus, (𝑥𝑡,r) ≤   − 𝑦 , 

that is, 𝑦𝑠𝑞𝐶𝜏(𝑥𝑡,𝑟). Hence (𝑋, 𝜏) is 𝑟-𝐹𝑅0.  

(2) Let 𝑥𝑡𝑞𝑦𝑠 for any distinct fuzzy points 

𝑥𝑡,ys ∈ Pt(𝑋). Since (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-

regular, by (1) and Theorem 1.3. (iii), 𝑦𝑠 is 

𝑟-wgfc. By Theorem 5.1. (3), then there 

exist 𝜇𝑖 ∈ 𝐼𝑋 with       (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1,2} 

such that, 𝑥𝑡 ∈ 𝜇1, 𝑦𝑠 ∈ 𝜇2 and 

𝐶𝜏(𝜇1,𝑟)𝑞𝐶𝜏(𝜇2,𝑟). Hence (𝑋, 𝜏) is 𝑟-𝐹𝑇21/2 

.  

(3) Let (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular. By (2) 

and Theorem 5.3.(2), (𝑋, 𝜏) is 𝑟-𝐹𝑇21/2 and 

𝑟-𝐹𝑅2 . Since 𝑟-𝐹𝑇21/2 implies 𝑟-𝐹𝑇1, (𝑋, 𝜏) 

is 𝑟-𝐹𝑇3.  

(4) Let 𝑥𝑡𝑞𝜆 for each 𝑟-wgfc 𝜆. Since     

(𝑋, 𝜏) is 𝑟-𝐹𝑅0, then 𝑥𝑡 is 𝑟-wgfc. Since   

(𝑋, 𝜏) is       𝑟-𝐹𝑊𝐺-normal, then there 

exist 𝜇𝑖 ∈ 𝐼𝑋 
with (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} 

such that 𝑥𝑡 ∈ 𝜇1, 𝜆 ∈ 𝜇2 and 𝜇1𝑞𝜇2. Hence 

(𝑋, 𝜏) is  -𝐹𝑊𝐺-regular.  

(5) Let (𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-normal and 𝑟-𝐹𝑅0. 

Since 𝑟-𝐹𝑊𝐺-regular implies 𝑟-𝐹𝑇21/2 

implies    𝑟-𝐹𝑇1 , by (4), (𝑋, 𝜏) is 𝑟-𝐹𝑇1 . 

By Theorem 5.3.(2), (𝑋, 𝜏) is 𝑟-𝐹𝑇4 . 

Theorem 5.5. If: (𝑋, 𝜏1) → (𝑌, 𝜏2) be         

𝐹 -irresolute, 𝐹 -open and bijective map 

and (𝑋, 𝜏1) is 𝑟-𝐹𝑊𝐺-regular (resp. 𝑟-

𝐹𝑊𝐺-normal), then (𝑌, 𝜏2) is 𝑟-𝐹𝑊𝐺-

regular (resp. 𝑟-𝐹𝑊𝐺-normal). 

Proof. Let 𝑦𝑠𝑞𝜇 for each 𝑟-wgfc 𝜇 ∈ IY. 

Since 𝑓 is 𝐹 -irresolute, 𝐹 open and 

bijective map, then by Theorem 4.7., 𝑓 is 

𝐹𝑊𝐺-irresolute. Hence 𝑓−1
(𝜇) is 𝑟-wgfc 

set. Put 𝑦𝑠 = f (𝑥𝑠). Then 𝑥𝑠𝑞𝑓
−1

(𝜇). Since 

(𝑋, 𝜏) is 𝑟-𝐹𝑊𝐺-regular, there exist 𝜇𝑖 ∈ 𝐼𝑋 

with (𝜇𝑖) ≥ 𝑟 for 𝑖 ∈ {1, 2} such that         

𝑥𝑠 ∈ 𝜇1, 𝑓
−1

 (𝜇) ≤ 𝜇2 and 𝜇1𝑞𝜇2 . Since 𝑓 is         

𝐹 -open and bijective map, we have         

𝑦𝑠 ∈ τ(𝜇1), 𝜇 = (𝑓−1
(𝜇)) ≤ 𝑓(𝜇2), 

𝑓(𝜇1)𝑞𝑓(𝜇2). Hence (𝑌, 𝜏2) is                    

𝑟-𝐹𝑊𝐺regular. Other case is similarly 

proved. 

Theorem 5.6. If: (𝑋, 𝜏1) → (𝑌, 𝜏2) be       

𝐹-continuous, 𝐹𝑊𝐺-irresolute closed and 

injective map and (𝑌, 𝜏2) is 𝑟-𝐹𝑊𝐺-regular 

(resp. 𝑟-𝐹𝑊𝐺-normal), then (𝑋, 𝜏1) is       

𝑟-𝐹𝑊𝐺-regular (resp. 𝑟-𝐹𝑊𝐺-normal). 

Proof. Let 𝑥𝑡𝑞𝜆 for each 𝑟-wgfc set 𝜆 ∈ IX. 

Since 𝑓 is 𝐹𝑊𝐺-irresolute closed, f(𝜆) is  

𝑟-wgfc. Since 𝑓 is injective, 𝑥𝑡𝑞𝜆 implies 

f(𝑥𝑡) 𝑞 f(𝜆). Since (𝑌, 𝜏2) is 𝑟-𝐹𝑊𝐺-

regular, there exist       𝜇𝑖 ∈ 𝐼𝑋 with (𝜇𝑖) ≥ 𝑟 

for 𝑖 ∈ {1, 2} such that (𝑥𝑡) ∈ 𝜇1, (𝜆) ≤ 𝜇2 

and 𝜇1𝑞𝜇2. Since 𝑓 is         𝐹 -continuous, 
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𝑥𝑡 ∈ 𝑓−1
 (𝜇1), 𝜆 ≤ 𝑓−1

 (𝜇2), with 𝜏2(𝑓
−1

(𝜇𝑖)) 

≥ 𝑟 and 𝑖 ∈ {1,2} and 𝑓−1
(𝜇1)𝑞𝑓

−1
(𝜇2). 

Hence (𝑋, 𝜏1) is 𝑟-𝐹𝑊𝐺-regular. Other 

case is similarly proved. 

Theorem 5.7. If: (𝑋, 𝜏1) → (𝑌, 𝜏2) be 

𝐹𝑊𝐺-irresolute, 𝐹 -open, 𝐹 -closed and 

surjective map and (𝑋, 𝜏1) is 𝑟-𝐹𝑊𝐺-

regular (resp. 𝑟-𝐹𝑊𝐺-normal), then (𝑌, 𝜏2) 

is 𝑟-𝐹𝑊𝐺-regular (resp. 𝑟-𝐹𝑊𝐺-normal). 

Proof. Let 𝑦𝑠 ∈ 𝜇 for each 𝑟-wgfc 𝜇 ∈ I
Y
. 

Since 𝑓 is 𝐹𝑊𝐺-irresolute and surjective, 

then there exist 𝑥 ∈ 𝑓−1
 ({𝑦}) such that 𝑥𝑠 

∈ 𝑓−1
 (𝜇) with 𝑟wgfo set 𝑓−1 (𝜇). Since (𝑋, 

𝜏1) is 𝑟-𝐹𝑊𝐺-regular by Theorem 5.1. (2), 

there exist 𝛾 ∈ 𝐼𝑋 
with 𝜏1(𝛾) ≥ 𝑟 such that 

𝑥𝑠 ∈ 𝛾 ≤ 𝐶𝜏1(𝛾,𝑟) ≤ 𝑓−1
(𝜇). It implies        

𝑦𝑠 ∈ (𝛾) ≤ (𝐶𝜏1 (𝛾, 𝑟)) ≤ 𝜇. Since 𝑓 is         

𝐹 -open and 𝐹 -closed, then 𝜏2 (𝑓 (𝛾)) ≥ 𝑟 

and 𝜏2 (1 − 𝑓 (𝐶𝜏1 (𝛾, 𝑟))) ≥ 𝑟. Hence   𝑦𝑠 ∈ 

𝑓(𝛾) ≤ 𝐶𝜏2(𝑓(𝛾),𝑟) ≤ 𝐶𝜏2(𝑓(𝐶𝜏1(𝑓(𝛾,𝑟)),𝑟) 

≤ 𝜇.     Thus, (𝑌, 𝜏2) is 𝑟-𝐹𝑊𝐺-regular. 

Other case is similarly proved. 
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