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Abstract

In this paper, we introduce and
study the concept of r -weakly generalized
fuzzy closed sets in § ostak’s fuzzy
topological spaces. Fuzzy  WG-
connectedness is introduced and studied
with help of r -weakly generalized fuzzy
closed sets, Fuzzy weakly generalized
continuity and Fuzzy weakly generalized
irresolute mappings are introduced and the
relationship between these mappings and
other mappings introduced previously are
investigated. Also, some separation
axioms of r -weakly generalized fuzzy
closed sets are introduced and studied.
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1 Introduction and preliminaries

Kubiak [18] and sostak [24] introduced
the fundamental concept of a fuzzy
topological structure, as an extension of
both crisp topology and fuzzy topology
[3], in the sense that not only the objects
are fuzzified, but also the axiomatics. In

[25, 26], Sostak gave some rules and
showed how such an extension can be
realized. Chatopadhyay et al., [4] have
redefined the same concept under the name
gradation of openness. A general approach
to the study of topological type structures
on fuzzy power sets was developed in
[[10]-[12], [18, 19]].

Weakly closed sets, weakly continuous
mappings were introduced and
investigated by [20]. The concept of
g -closed sets was also considered by
Dunham [7] in 1982 and by Dunham and
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Levine [6] in 1980. J. Mahanta and P. K.
Das used w-closed sets to define and
investigate the notion of generalized
weakly closed sets using weakly-closure
operator. Balachandran et al., [2] in 1991,
defined a new class of mappings called
generalized continuous
(g -continuous, for short) mappings which
contains the class of continuous mapping.
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Later in 2007, El. Shafei and Zakari [8]
have introduced and study some
generalizations of fuzzy continuous
mappings.

The aim of this paper is to define the
concepts of r-weakly generalized fuzzy
closed sets in  Sostak fuzzy topological
spaces. Fuzzy WG-connectedness s
introduced and studied with help of r-
weakly generalized fuzzy closed sets,
fuzzy weakly generalized continuity and
fuzzy weakly generalized irresolute
mappings are introduced and the
relationship between these mappings and
other mappings introduced previously are
investigated. Also, some separation
axioms of r-weakly generalized fuzzy
closed sets are introduced and studied.

Throughout this paper, nonempty sets will
be denoted by X, Y etc., I = [0, 1] and I, =
O,1]. Forael,a(x)=aforall xe X. A
fuzzy point xt for t € Iy is an element of IX
suchthat (y)={tify=x0ify & x. The
set of all fuzzy points in X is denoted by
Pt(X). A fuzzy point x; € A iff t < (x). A
fuzzy set A is quasi-coincident with p,
denoted by Aqu, if there exists x € X such
that (x) + (x) > 1. If A is not quasi-
coincident with u, we denoted Agu. If A
C X, we define the characteristic function
xaonX by ya(x) ={lifxe€ A, 0if x ¢ A.
All other notations and definitions are
standard, for all in the fuzzy set theory.

Lemma 1.1. [13] Let X be a nonempty set
and A, u € IX. Then
() Aqu iff there exists x; € A such that

Xt qU.
(i) Aqu, then A A p # 0.

(i) AguiffA<1 - p.

(iv) A < p iff xc € A implies x; € p iff xc gA
implies x: qu implies x: gA.

(V) xc gV ui iff there exists iy € A such
that x: g uio.

Definition 1.1. [22, 24] A function: IX — |
is called a fuzzy topology on X if it
satisfies the following conditions:

O 1(0)=1(1)=1,
(02) t(Vier mi) = Aier t(wi), for any
{uitier c IX,

(03) t(ur A p2) = t(ul) At (u2), for any
Ui, 2 € IX.

The pair (X, 1) is called a fuzzy
topological space (for short, fts).

Remark 1.1. [16] Let (X, t) be a fuzzy
topological space. Then, for each r € I,

. = {u € IX: (u) > r} is a Change’s fuzzy
topology on X.

Theorem 1.1. ([5]) Let (X, ) be a fts.
Then for each A € IX, r € Iy we define an
operator Cr: IX x Iy — IX as follows:
Anr=ANMpuelF:A<ut(1-p>r}
For A, u € IX and r, € Iy, the operator Ct
satisfies the following conditions:

(1) ¢:(0,r) =0,

(2) A< C:(4, 1),

3) C(A, r) VvV Ct(u, r) = CT(AV p, 1),
4) C(A, r)<C1(4, 5) iIf r<s,

(5) C(Cz(A, 1), 1) = CT(4, 7).

Theorem 1.2. [23] Let (X, 1) be a fts.
Then for each r € Iy, A € IX we define an
operator It: X x [y — [X as follows:
Ar)=V{uelX:A>u t(u=>r}

For A, u € I¥ and r, € Iy, the operator It
satisfies the following conditions:

DI (1)=1,

@ A>T (@4, 7),

@It r)Apr)=@AApT),
@It <@, s)ifs<r,

®) It (4, 7)., r)=(,1),

6) It (1-1)=1-(4 7)and
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1-4)=1-It(A7)
Definition 1.2. [17] A fuzzy subset 1 of a
fts (X, 7) is said to be r-generalized fuzzy
closed (r-gfc, for short) set if C(A, r) < u
whenever A < u, t(u) = r and r € Io. The
complement of a r-gfc set is called
r-generalized fuzzy open (r-gfo, for short)
set.

Definition 1.3. [16, 23] Let (X, 7) be a
smooth fuzzy topological space. Then for
each A, u € I¥and r € Iy,

(i) A is called r-fuzzy semi-open (r-fso, for
short) if A< Ct ((4, 1), 7).

(ii) A is called r-fuzzy semi-closed (r-fsc,
for short) if (4, r), r) < A.

(i) The r-fuzzy semi-interior of
A, denoted by S (4, ) is defined by:
A, r)=V{uel* u<A, uisar-fso}.

(iv) The r-fuzzy semi-closure of A, denoted
by (4, ) is defined by:
A r)=A{uel:u>2, uisar-fsc}.

Definition 1.4. [9] Let (X, t) be a smooth
fuzzy topological space. 2 € IX and r € I,
A is called a r-fuzzy weakly closed (r-fwc,
for short) set if (4, r) < u whenever A < pu
and iIs r-fuzzy semiopen. Then
complement of a r-fwc set is said to be a
r-fuzzy weakly open (r-fwo, for short) set.

Definition 1.5. [9] Let (X, T) be a smooth
fuzzy topological space. 2 € IX and r € I,
A r)=V{uelX:u<i uisar-fwo
set} is called the r-fuzzy w-interior of A.
iywcert@Ar)=AN{uelX:pu>2A uisa
r-fwc set} is called the r-fuzzy w-closure
of 4.

Definition 1.6. [9] Let (X,t) be a smooth
fuzzy topological space. For A € X and
r € Io,

(1) A is called r-generalized fuzzy weakly
closed (r-gfwc, for short) set if WC~ (4, 7)
< u whenever A < u and u is r-fuzzy
weakly open set.

(2) Ais called r-generalized fuzzy weakly
open (r-gfwo, for short) set if u < WC- (4,
r) whenever u < A and u is r-fuzzy weakly
closed set.

(3) The r-generalized fuzzy weakly
closure of A, denoted by GWC(4, r) is
defined by: GWCt(A, r) =A{u € I¥: u> 4,
u is r-gfwe }.

(4) The r-generalized fuzzy weakly
interior of A, denoted by (4, r) is defined
by:

GWIt (A, r) =V{u € X : u < A, uis
r-gfwo }.

Definition 1.7. [24] Let (X, 1) and (Y, 1)
be a smooth fuzzy topological spaces.
Let: X — Y be a mapping.

(1) F -continuous if T, (1) < 71 (f * (w)) for
each u € IV.

(2) F -open if 71 (1) < 12 ((4)) for each
AEIX,

() F-closed if Ty (1 —A) <1 (1 = f (1)
for each 1 € IX.

Definition 1.8. [17, 21]

Let: (X, t1) — (Y, 72) be a mapping and
r € Ip. Then f is called:

(i) GF -continuous (resp. GF -irresolute) if
) is r-gfo foreach u € IY, 5 (1) >r
(resp. u is r-gfo).

(if) GF -open (resp. GF-irresolute open)

if (1) is r-gfo for each 1€ IX,
71 (A) > 1 (resp. A is r-gfo).

(i) GF -closed (resp. GF-irresolute

closed) if (1) is r-gfc for each 4 € IX,

71 (1 — A) > (resp. A4 is r-gfc).

Definition 1.9. [10] Let: (X, 1) — (Y, 12)
be a mapping and r € Io. Then f is called:

(i) FW-continuous (resp. FW -irresolute)
if £(w) is r-fwo for each p € IY,

T2 (u) > r (resp. u is r-fwo).
(i) FW -open (resp. FW -irresolute open)
if (u) is r-fwo for each 1 € IX,
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71 (A) > (resp. A is r-fwo).
(ili) FW-closed (resp. FW -irresolute
closed) if (u) is r-fwc for each A € IX,

71 (A) > r (resp. A is r-fwc).

Definition 1.10. [14] A fts (X, 7) is said to
be

(i) r-FRy iff xqqC: (ys, 7) implies
ysqCt(x:, r) for any distinct fuzzy points
Xt, ¥s € Pt(X).

(it) r-FRy iff xqC (ys, r) implies that there
exist w; € IX with (w) > r for i € {1, 2}
such that x: € pi1, ys € pp and pg quo for
any distinct fuzzy points x¢, ys € (X).

(iii) r-FR; iff (or r-fuzzy regular) x:qA with
(1-2) > r implies that there exist w; € IX
with  (u) > r for i € {1, 2} such that
Xt € p1, A < pp and wy quo.

(iv) r-FR3 iff (or r-fuzzy normal) A; g4,
with (1-A) > r for i € {1, 2} implies that
there exist w; € IX¥ with (w) > r for
i € {1, 2} such that A; € p; and piquo.

Definition 1.11. [14] A fts (X, 7) is said to
be

(i) r-FTy iff (1 — xt) > r for each xt € (X).
(i) r-FT2 iff x.qys implies that there
exist ui € I*¥ with (w;) >r fori € {1, 2}
such that x¢ € u1, ys < po and paquo.
(iii) 1-FT, - iff x. Gy, implies that there
exist u; € I¥ with (w;) >r fori € {1, 2}
such that x; € w, ys € w and
Ct(ua, 7) qCt(p2, 7).
(iv) r-FT4 iff itis r-FRz and r-FT;.

Definition 1.12. [15] A fts (X, 7) is said to
be

(i) r-FT. if (1 — A) > r for each r-gfc set
A€ Xandr € I,.

(i1) r-GFR; iff x; qA for each r-gfc A € IX
implies that these exist u; € IX with () > r

for i € {1, 2} such that x: € w1, 4 < up and
H1 Q2.
(i) r-GFR3 if A1 qA; for each r-gfc sets A;
€ I¥and i € {1, 2} implies that there exist
Wi € IX with t(u;) > r such that A; < u; and
U1 qua.

Definition 1.13. [1] Let (X, 7) be a fts and
A, u€IX r€ly Then,

(i) Two fuzzy sets A and u are said to be
r-fuzzy separated iff AqC. (u, r) and
uqCt (4, 7).

(ii) A fuzzy set which cannot be expressed

as the union of two r-fuzzy separated sets
is said to be r-fuzzy connected set.

Theorem 1.3. [15] Let (X, 7) be fts and
r € .

(@ The following statements are
equivalent

(i) (X, 7) is r-FRo.

(i) If xeqA for (L — A1) > r, we have
(x¢, T)qA.

(iii) x¢is r-gfc for each x; € (X).

(b) r-FT4 = 1-FT3 = 1- FT, % = -FT, =
r-FT.

(c) If afts (X, 7) isr-FRpand X is a finite
set, then every fuzzy set A € IX is r-gfc and
r-gfo.

2 r-Weakly generalized fuzzy
closed sets

Definition 2.1. Let (X, 7) be a smooth
fuzzy topological space. For 4, u € I¥ and
r € Io,

@2 is called r-wW
eakly generalized fuzzy closed
(r-wgfc, for short) set if (A, r) < u
whenever A < U and
(w)=r.
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(2) A is called r-weakly generalized
fuzzy open (r-wgfo, for short) set
if u<W Ct (4, r) whenever
u<Adand (1 —pu)>r.

(3) The r-weakly generalized fuzzy
closure of A, denoted by (4, r) is
defined by: WaGCt (A, r) =
AN{u € IX: u>2, pis r-wgfc}.

(4) The r-weakly generalized fuzzy
interior of A, denoted by (4, r) is
defined by: WA, r) =V{u € IX :
u < A, pis r-wgfo }. From the
above definitions it is clear that the
following implications are true:

r —gfc A3 r - fwc
+ a3
r-wgfc <€ r-gfwc
RYIN

Remark 2.1. The intersection of two r-
gfwc (resp. r-wgfc) sets is not r-gfwc
(resp. r-wgfc) set, in general and the union
of two r-gfwo (resp. r-wgfo) sets is not r-
gfwo (resp. r-wgfo) set, in general, as
shown by Example 2.3(1). Also the
intersection of two r-gfwo (resp.
r-wgfo) sets is not r-gfwo (resp. r-wgfo)
set, in general and the union of two r-gfwc
(resp. r-wgfc) sets is not r-gfwc (resp. r-
wgfc) set, in general, as shown by
Example 2.3(3).

The following propositions are easily
proved,

Proposition 2.1. Let (X, t) be fts, 1 € IX
and r € Io. The following statements hold

(1) If A is r-gfwc (resp. r-wgfc), then
A=GWCt (A, 1) (resp. A = (4, 1)).

(2) If A is r-gfwo (resp. r-wgfo), then
A = GWIt(A,r) (resp. A= WGIt(A,1)).

) GwWcCr 1 — 2, r) =1 — (A4, 1)
(resp. WG(1-A,r)=1-WGIt(\)).

4 Wit 1 — A, r) =1 — (4 1)
(resp. W(1—A,7r)=1-WGCt(A, 1)).

(5) WCt (4, r) is r-gfwc (resp. r-wgfc).
(6) GWIz (4, ) is r-gfwo (resp. r-wgfo).

(MASWGCT (A, r)<GWCT (A, r)<WC(CT
A, r<Cct(@,r).

@B It(A <A 1r)<@A r)<WGIt(A, 1)
<A

Proposition 2.2. Let (X, 1) be fts, 4, € I¥
and r, € I,. The following statements hold

(1) GWCz (0, r) =0 (resp. (0, ) =0).

2 ¢gwcr (A, r) < GWCt (4, 9)
(resp.WGCt (A, r) <WGCT (4, 5)) if r <s.

(3) GWCt (A, r) < G(u, r) (resp.WGCt(4,
ry<WGCt(u, r))if A<pu.

4) GWCt (A, r) v GWCt (u, ) < GWC(CT
Avu,r).

(5) WGCt (A, r) v WGCt (u, ) < WGCt
Avu,r).

(6) GWCt (GWCT (A, 1), 1) =G(A, 7).
(M WGCt (WGCt (A, 1), 1) =W (A, ).

Example 2.1 Let X = {a, b} and define
fuzzy topology: ¥ — I as follows:

0 if 1€{0, 1},
() = {%
0

if 2={0.1,03}
otherwise
In (X, ) 0.2 is - -wgfc (5 -gfwc) but it is

neither %—gfc nor %—fwc.

Example 2.2 Let X = {a, b} and u € IX
defined as follows: (a) = 0.5, (b) = 0.2,
define fuzzy topology: I¥ — I as follows:
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7(4)
(-1 if 2{0, 1},
% if A =ays Vb
\ % if A=ags Vb,
% if A={ags Vboas,aos Vboe}
0 otherwise

1ifA2e€{0,1},12if2=a05Vv b0.0,23
if 1=a0.0v b0.4,23if 1 € {a0.5V b0.4,
a0.5 v b0.6}, 0 otherwise.

In (X, 7) uis 12 -wgfc but not %—gfwc.

Definition 2.2. Let (X, 7) be fts, and A, €
IX, r € Iy. Then,

(1) Two fuzzy sets A and u are said to be
r-fuzzy GW-separated iff AgGWCt(u, r)
and uqgGWct(4, r).

(2) Two fuzzy sets A and u are said to be
r-fuzzy WG-separated iff (u, r) and
HqW(a, r).

(3) A fuzzy set which cannot be expressed
as the union of two r-fuzzy GW- separated
sets is said to be r-fuzzy GW -connected
set.

(4) A fuzzy set which cannot be expressed
as the union of two r-fuzzy WG-separated
sets is said to be r-fuzzy WG-connected
set.

From the above definitions it is clear that
the following implications are true:
r-fuzzy separated = r-fuzzy
GW -separated = r-fuzzy WG-separated
= rfuzzy WG-connected = r-fuzzy
GW -connected = r-fuzzy connected.

Remark 2.2. The converse of the above
implications is not true in general as
shown by the following example.

Example 2.4 Let X = {a, b, c} and p,
U1,Uo,U3,Ug € IX defined as follows: u(a) =
0.6, u(b) = 0.2, u(c) = 0.4; w(a) = 0.0,

pa(b) = 0.6, pi(c) = 0.0; pa(a) = 0.0, ua(b)
= 0.0, u2(c) =0.3; us(a) = 0.5, us(b) = 0.6,
ta(c) = 0.0; pa(a) = 0.5, pa(b) = 0.0, pa(c)
= 0.5 Define fuzzy topology 7 : IX — I as
follows:

if 2{0, 1},

if A=y,
otherwise

1
t(A)=11
2
0
(1) Since GWCt (1) = w1 and G(uz, 3)
=up. Then  ugGWCTt (,uz,%) and
U2qGW CT (11, %). Hence u; and u, are % -
fuzzy GW -separated. But (/11,%) = (U2, %) =
1 — . So ua(ue, %) and u2qCt(ul, %). Thus

u1 and u, are not % -fuzzy separated.

(2) Similarly, us and p, are % -fuzzy
WG-separated. But ps; and u4 are not
%fuzzy GW -separated.

(3) Since pl = ul v u2 where ul and u?2
are %—fuzzy GW -separated, then p; is not%
-fuzzy GW -connected. We show that p; is
% -fuzzy connected. In fact, let p; = V w,
where n, w € ¥ — {0}. Then either
n (b) =06 0orw (b) =06. If n (b) =0.6
then Ct(w, %) =1 - u So,
nqCt(w, %). If w (b) = 0.6, similarly wqCt
(77,%)- Thus n and w cannot be % -fuzzy
connected. Hence p; is % -fuzzy connected.
(4) Similarly, p2 = us V uq is % -fuzzy
GW -connected. But p, is not %—fuzzy
W G-connected.

Theorem 2.1. Let (X, ) be a fts, and
A, EIX reEl,.

(1) If A, u are r-fuzzy GW -separated and
Y, n € 1¥— {0} such thaty <A and n <y,
then y, n are also r-fuzzy GW-separated.
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(2) If Aqu and either both are r-gfwo or
both r-gfwc, then A and u are r-fuzzy
GW -separated.

(3) If A, u € I¥ — {0} and there exist two
r-gfwo sets y, w suchthat A < , u < ,
Aqw and uqy , then A and u are r-fuzzy
GW -separated.

(4) If A, u are either both r-gfwo or both -
gfwe, then AA (1—u) and pun (1-A) are
r-fuzzy ~ GW -separated.

Proof. (1) and (2) are obvious.

(3) Let y and w be r-gfwo sets
suchthat A< , u<w, Aqw and uqy; then
A<1-w, u <1-y . Hence GWCt (4, 1) <
1-w, (1, r) < 1—y which ii turn imply that
GW(A, r)qu and GW Ct(u, r)qA. Thus
A and p are r-fuzzy GW -separated.

(4) Let A and u be r-gfwo. Since
ANL—p) < 1-p. GWCT (ANL-p), 1) < 1-u
and hence GWCt(AA(1—pu), r)qu. Then
GWCt (AN (1-w), r)q (uA (1-2)). Again,
since AN(1-A)<1-4A@uA(l-2),r<
1 — A and hence (uA(l-1), 7)qA.
Then GWCt (u A (1 -4, r)g A A1 -
). Thus AA (L —pu)and p A (1 — A) are
r-fuzzy GW -separated. Similarly we can
prove when A and u are r-gfwc.

Theorem 2.2. Let (X, 1) be fts, and A, € I*,
r € Io.

(1) If A, u are r-fuzzy W G-separated and y,
n € I¥ — {0} such that y < A and n < p,
then , n are also r-fuzzy W G-separated.

(2) If Aqu are either both are r-wgfo or
both r-wgfc, then A and u are r-fuzzy
W G-separated.

(3) If A, u € I¥ — {0} and there exist two
r-wgfo sets y, w suchthat 1 < , u<w,
Aqw and uqy , then A and u are r-fuzzy
W G-separated.

(4) If A, u are either both r-wgfo or both
r-wgfc, then AA(1—p) and un(1-1) are
r-fuzzy W G-separated.

Proof. It is similarly proved as in Theorem
2.1.

Theorem 2.3. Let (X, 1) be fts,
A€ IX—{0}and r € Io. If A is a r-fuzzy
GW-connected set suchthat A <u < (4, r),
then w is a also r-fuzzy GW-connected.

Proof. Suppose that u is not r-fuzzy
GW-connected. Then there exist r-fuzzy
GW-separated sets w; and w; in X such
that u=wlvVvw?2.Llety=21A w;and
Ww=AANwy Then A =y V w. Since y < w;
and w < w», by Theorem 2.1. (1), y and w
are r-fuzzy GW-separated, contradicting
the r-fuzzy GW-connectedness of A. Thus
u is r-fuzzy GW-connected.

Theorem 2.4. Let (X, ) be a fts,
A€ IX—{0}and r € Ip. If 1 is a r-fuzzy
W G-connected set such that A < u < (4, r),
then w is a also r-fuzzy W G-connected.

Proof. It is similarly proved as in Theorem
2.3.

3 Generalized fuzzy weakly
continuous and fuzzy weakly
generalized continuous

Definition 3.1. Let: (X, 71) — (Y, 72) be a
mapping and r € Io. Then f is called:

(1) Generalized fuzzy weakly continuous
(GFW-continuous, for short) if £ (u) is
r -gfwo foreach u € , To(u) > .

(2) Fuzzy weakly generalized continuous
(FW G-continuous, for short) if £ (u) is
r-gfwo foreach u € IV, t, (u) > r.

(3) Generalized fuzzy weakly open
(GFW -open, for short) if (1) is r-gfwo for
each € X, 1i(1)>r.

(4) Fuzzy weakly generalized open
(FWG-open, for short) if (1) is r-wgfo for
each 1 € IX, Ty(A) > .
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(5) Generalized fuzzy weakly closed
(GFW -closed, for short) if (1) is r-gfwc
foreach A € IX, t1(1 — ) > 1.

(6) Fuzzy weakly generalized -closed
(FWG-closed, for short) if (A1) is r-gfwc
foreachAe ", (1 - >r.

From the above definitions it is clear that
the following implications are true:

F—Continuity =—>€~ Fw-Continuity
— &~ GFW-Continuity —&-
FGW-Continuity €= GF—Continuity
€+ F-Continuity.

Example 3.1 Let X = {a, b} and pu1,o,us3 €
I defined as follows: ul(a) = 0.6, ui(b) =
0.4; ux(a) = 0.3, uz(b) = 0.6; usz(a) = 0.4,
us(b) = 0.6. Define fuzzy topologies 71, T2,
T3, T4 . IX¥ — I as follows:

1 ifa € {0,1},
u@=) — ifA € {0.1,0.3},
0 otherwise
1 if A € {0,1},
T5(1) = ;— ifA € 0.8,
0 otherwise
13(4) =
(1 ifA € {0,1},

1 .
> ifA € {u,uy V Uy},
2,
3 ifA € {u, 0 A pyl— (U Az},
0

|

k otherwise,
1 if A € {0,1},

wd) =4 = ifA € s,
0 otherwise

(1) The identity mapping:

(X, 1) — (X, t2) is FWG-continuous
(GFW -continuous) but it is neither GF-
continuous nor FIW -continuous because
£71(0.8) = 0.8 it is neither %—gfc nor % -fwe
in (X, t1).

(2) The identity mapping: (X, t3) — (X, T4)
is FW G-continuous but not GFW -
continuous because f *(uz) = 3 is not

~-fgwc in (X, 7).

Theorem 3.1. Let: (X, t1) — (Y, 12) be
GFW-continuous mapping. The following
statements hold for each A € IX, u € I' and
r € Ip.

(1) f(GWCT1(A, 7)) < CTo(f (A), 7).
(2) GWCti(f (W), 1) < f(Cral, 7).
(3) f M UTa(i, 7)) < GWITL(f (), 7).

Proof. (1)For each A € IX, to(1-Cto(f(4),
r)) > r. Since f is GFW-continuous then
f1(Cty ((2), r)) is r-gfwe set of X, Since
fQ) < Cto(f(A), T) then
A< FHFA) < fH(Crf(2), 1)) and so
GWCTi(A, 1) < fHCrAf(A), 1))
Hence (GWCty (4, 7)) < Ct2 ((4), 7).

(2) Foreach p € IY, 72 (1 — C12 (1,
r)) > r. Since f is GFW -continuous then
fY(Cro(u, 7)) is r-gfwe set of X . Since
< Crou, ) then fH(u) < fH(Cralu, 1))
and  so  GWCti(f *(u), 1) <
GWCri(f (Cralp, 1)r) = f(Cralps, 7).

(3) For each u € 1Y, to(IT2(u, 1)) >
r. Since f is GFW-continuous, f* (It (i,
r))is  r-gfwo set of X. Since It(u, r) <
p then fi(m(u, 7)) < fXw) and so
12, ) = GWITL(f-1(I72(u, 1)), 1)
< GWITL(f-1(u), 7).

Theorem 3.2. Let: (X, t1) — (Y, 12) be
FW G-continuous mapping. The following
statements hold for each A € IX, u € I and
r € Ip.

Q) (WGaCty (A, 1)) <Ct2 (f (A), 7).
Q@ WGCry (F* (W), 1) < f* (Cr2 (u, 7))
@) f U2 (1) SWGITL (F* (u), 7).

Proof. It is similarly proved as in Theorem
3.1.
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Theorem 3.3. Let: (X, 1) — (Y, 12) be
GFW-open mapping. The following
statements hold for each A € IX, u € IY and
r € Ip.

Q) (It1(4, ) S GWITo(f(A), 7).

(2) It(f-1(w), 7) < £ H(GWITa(u, 7).

Proof. (1) For each 2 € I¥ and r € I°, since
IT1(A, ) < A then f(IT1(A, 1)) < f(A). Since
71 (IT1(A, r)) >r and f is GFW -open, then
fti(4, 7)) is r-gfwo. Hence (It1(4, 7)) <
GWIty(f(A), r). (2) For all p € I' and
r €I put A = f* (u. From (1), (It
Fw. ™ < GWIn(f(f W, n <
GWIty(u, 7). Hence Ity (f *(u), 1) <
AU W), M) < fH(GWITy(n, 7).

Theorem 3.4. Let: (X, t1) — (Y, 12) be
FWG-open mapping. The following
statements hold for each A € IX, u € I' and
r €l

Q) Ity (A, 7)) SWGIT, (f (A), 7).

@) It (F " (), ) < (WGl (w, 7).

Proof. It is similarly proved as in Theorem
3.3.

Theorem 3.5. Let: (X, t1) — (Y, 12) be
GFW-closed. Then foreach A € [Xand r €
Io we have (Ct1(4, 7)) > GWCta(f (1), 7).

Proof. For each A € I¥ and r € Iy since A <
Cti(A, r) then f(A) < f(Cti(A, 1)).
Since 71(1 — Ct1(4, 1)) > r then f(Ct1(A,
r)) is r-gfwc set of Y
Hence (Ct1 (4, 7)) > GWCt3 ((4), 7).

Theorem 3.6. Let: (X, 1) — (Y, 12) be
WFEG-closed. Then for each 1 € X and
r € Iy we have (Ct; (4, r)) > WGCt, (f
(4), 7).

Proof. It is similarly proved as in Theorem
3.5.

Theorem 3.7. Let f: (X, 71) — (Y, 12) and
g: (Y, 72) — (Z, t3) be mappings. Then
gefis:

(1) GFW-continuous, if f is GFW -
continuous and g is F -continuous.

(2) GFW-open, if f is F-open and g is
GFW-open.

(3) GFW-closed, if f is F-closed and g is
GFW-closed.

(4) FWG-continuous, if f is FWG-
continuous and g is F-continuous.

(5) FWG-open, if f is F-open and g is
FW G-open.

(6) FWG-closed, if f is F -closed and g is
FWG-closed.

Proof.

(1) Suppose that p € 12, t3(u) > r and r €
Iy . Since g is F -continuous, then

. (g'w) = r, since f s
GFW-continuous, then f (g '(u) is
r-gfwo set in(X,ty).
Thus (g  f) () = (g (W) is r-gfwo
and therefore g o f is GFW-continuous.
(2) Suppose that A € IX, 7; (1) > r and
r € Ip. Since f is F -open, then
T2 (f (1)) > r, since g is GFW-open, then
g (f () is r-gfwo set in (Z, t3).

Thus (g ° f) () = g (f (4)) is r-gfwo
and therefore g o f is GFW -open.

(3) Suppose that 1 € IX, 7; (1 — 1) >r and
r € Ip. Since fis  F -closed, then 7, (1 —
f (1) > r. Since g is GFW-closed, then
((A) is r-gfwc set in (Z, t3).

Thus (g o f) (1) = g (f (1)) is r-gfwc and
therefore g o f is GFW -closed.

(5) and (6) are similarly proved.

4  Generalized fuzzy weakly
irresolute  and fuzzy weakly
generalized irresolute mappings

Definition 4.1. Let: (X, 1) — (Y, 72) be a
mapping and r € I,. Then f is called:
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(1) Generalized fuzzy weakly irresolute
(GFW-irresolute, for short) if £ '(u) is
r-gfwo for each u € IY is r-gfwo.

(2) Fuzzy weakly generalized irresolute
(FWG-irresolute, for short) if f—1(u) is
r-wgfo for each u € IV is r-wgfo.

(3) Generalized fuzzy weakly irresolute
open (GFW-irresolute open, for short) if
(A) is r-gfwo for each 4 € IX is
r-gfwo.

(4) Fuzzy weakly generalized irresolute
open (FWG-irresolute open, for short) if
(A) is r-wgfo for each 4 € IX is
r-wgfo.

(5) Generalized fuzzy weakly irresolute
closed (GFW -irresolute closed, for short)
if (1) is r-gfwc for each A € I¥ is r-gfwc.

(6) Fuzzy weakly generalized irresolute
closed (FWG-irresolute closed, for short)
if (1) is r-gfwc for each A € IX is r-wgfc.

(7) GFW-irresolute homeomorphism iff is
bijective and both of f and f* are GFW -
irresolute.

(8) FWG-irresolute homeomorphism iff is
bijective and both of f and f* are FWG-
irresolute.

From the above definitions it is clear that
the following implications are true:

GFWe-irresolute —« GFW-continuity
—&¢  FWG—continuity irresolute —e-
FWG - irresolute

Example 4.1 Let X = {a, b} and u1, o, us
€ IX defined as follows: ui(a) = 0.6, u(b) =
0.4; us(a) = 0.3, ua(b) = 0.6; us(a) = 0.4,
us(b) = 0.6. Define fuzzy topologies
71, T2: I¥ — I as follows:

Tl(ﬂ) =
A € {0,1},

ifA € {uy, iy V p2},

po, 1 — (U A p2)},
otherwise,

O WINNIR |

1 if A € {0,1},
(1) = ;— ifA €0.1,
0 otherwise

The identity mapping: (X, 1) — (X, t2) IS
GFW-continuous but not GFW irresolute
because f ' (us) = s is not %—gfwc in
X, 11).

Example 4.2 Let X = {a, b, c} and
U1l U3 Ug, € 1%, defined as follows: p3 =
0.6; uz2 = 0.4; puz=0.1; u3(b) = 0.1, pa(c)
= 0.1, ps(a) = 0.5, pa(b) = 0.6, ua(c) = 0.5.
Define fuzzy topologies 71, 72: [¥ — I as
follows:

1 if A € {0,1},

73(4) = ;— ifA € {ug, 2},

0 otherwise
1 if A € {0,1},
, o ToA) = ;— ifA € py,
0 otherwise

The identity mapping: (X, 1) — (X, t2) IS
FW G-continuous but not FWG irresolute
because f* (us) = w4 is not %—gfwc in
(X, Tl).

Theorem 4.1. Let: (X, 71) — (Y, 12) be
GFW -irresolute mapping. The following
statements hold for each A € IX, u € I and
r € I

Q) (GWCty (A, 1)) <WCT, (f (A), 7).
(2 GWCry (F* (W), 1) < fH (WCTp (1, 7))

@) fH Wit (1w, 1) < GW Ity (F* (), 7).

(4) If f is bijective, then Wiz, ((4), r) <
(GWIty(4, 7)).

Proof. For each 1 € I, WCt, (f (1), 1)) is
r-gfwc set of . Since f is GFW-irresolute
then 1 (WCt, (f (1), r)) is r-gfwc set of
X. Since f(A) < WCt(f(1), r) then
A< Q) < fHWCT(f(A), 1)) and
GWCti(A, 1) < fHWCt(f(R), 7).
Hence (GWCty (A, 1)) < WCty ((4), 7).
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(2) For each p € IV, WCt, (u, ) is r-gfwc
set of Y. Since f is GFW-irresolute then
1 (WCra(u, 7)) is r-gfwe set of X . Since
w<WCt (u, r) then 1 (u) < f* (WCr,
(u, ). Then GWCty (f ! (), ) < GWCT,
(F (WCra (u, 7)), 7) = fH (WCT2 (1, 7).

(3) For each u € 1Y, Wity(u, 1)) is r-gfwo
set of Y . Since f is GFW-irresolute, then
Y Wlto(u, 7)) is r-gfwo set of X . Since
Wito(u, ) < pu then f i Wity(u, 1))
ffw and so  f(Wit(u, 1))
GWIty(f (Wita(u, ), )
GWITl(ffl(u), r).

I IA

IA

(4) Let f be GFW -irresolute and A € IX, r
€ Io. Then f(WIty(f(2), 1)) is r-gfwo.
By (3), and the fact that f is injective, we
havef Y(WIty(f(A),r) < GWIti(f H(f(A)),
r) = GWIti(4, r) since f is surjective, we
have Wity (f(1), 1)) = (F(f {(CWIty(A,
) < f(GWIT(A, 7).

Theorem 4.2. Let: (X, t1) — (Y, 12) be
FWG-irresolute mapping. The following
statements hold for each 1 € IX, u € I' and
r €l

(1) (WGCrt1 (4, 1)) S WCto (f (1), 7).
Q) WGCTy (f (W), 1) < f 1 (WCT2 (1, 7))
@) fH Witz (1, 1) SWGITy (F* (), 7).

(4) If f is bijective, then Wiz, (f (1), r) <
f (WGIty (4, 7).

Proof. It is similarly proved as in Theorem
4.1.

Theorem 4.3. Let: (X, 1) — (Y, 12) be
GFW-irresolute open mapping. The
following statements hold for each 14 € IX,
u€eI¥andr € I

(1) Wity(4, 1)) < GWITo(f(A), 7).

() Witi(f (1), ) < fH(GWTa(u, 7).

Proof. (1) For each A € IX and r € 10,
since WItl(4, r) < Athen f(WItl(4, r)) <
f(A). Since WItl(4, r) is r-gfwo and f is
GFW -irresolute open, then f(WItl(4, 1))

is r-gfwo. Hence (WItl(4, 1)) <
GWIT2(f(A), 7). (2) Forallu e IY and r €
10 , put A = f-1(u). From (1),
(WITl(f=1(w), r)) < GWIT2(f(f~1(w), 7)
< GWIt2(u, r). Then WItdl(f-1(w), r) <
FLFWITL(F-1(n), 7)) < f~L(GWIT2(u,
).

Theorem 4.4. Let: (X, 71) — (Y, 12) be
FWG-irresolute open mapping. Then
following statements hold for each A € IX,
ueI¥andr € I.

(1) Witi(4, 1) < WGITo(f(4), 7).
(2) Wita(f=1(w), 1) < f~=1(WGI2(p, 7).

Proof. It is similarly proved as in Theorem
4.3.

Theorem 4.5. Let: (X, 71) — (Y, 12) be
GFW-irresolute closed mapping and
bijective. The following statements hold
foreachA e X, ueI"and r € Iy.

(1) (WCrta(4, 1) = GW (£ (), 7).

() £ HGWCTo(u, 1) SWCT1(f (W), 7).

(3) f is GFW-irresolute closed iff f is
GFW:-irresolute open.

Proof. (1) For each A € IX and r € Iy, since
A<WCti(4, r) then f(1) < fF(WCT1(4, 7).
Since WCty(A, r) is r-gfwc set of X , then
f(WCty(4, 1)) is gfwc set of Y . Hence
(WCt1(A, 1)) > GWCTo(f(A), 7).

(2) Let f be GFW-irresolute closed. By
(1), then For each A € IX and r € Iy, we
have (WCti(4, 7)) > GWCty(f(1), 7). For
all u € 1" and r € Iy. Put 1 = f*(u). Since
f is surjective, (f *(n)) = p. Thus,
Wen(f (), ) = GWCT(f(f (W), 7) =
GWCty(u, ). It implies

Weti(f (W), ) = £ (FWCTu(f (W), 7))
> Y GW Crta(u, 7)) (by f is injective).

(3) Itis easily proved.

Theorem 4.6. Let: (X, 1) — (Y, 12) be
FWG-irresolute closed mapping and
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bijective. The following statements hold
foreachA€IX,uelY andr € I.

(1) (WCrti(4, 1) 2 WGCTo(f (), 7).

() f {WGCra(p, 7)) SWCTI(f (W), 7).

(3) f is FWG-irresolute closed iff f is
FW G-irresolute open.

Proof. It is similarly proved as in Theorem
4.5.

Theorem 4.7. If: (X, 11) — (Y, 12) be F -
irresolute, F -open and bijective map. Then
f is FWG-irresolute.

Proof. Let u € IY be a r-wgfc set. We will
show that f*(u) is r-wgfc set. Let £ *(u) <
y with 7;1(y) > r. Since f is onto and -
open, = (f (W) < f(y) with T2(f () > .
Since u is r-wgfc, WCt(u, r) < f(y).
Since f is injective, f {(WCTy(u, 1)) <
fYf) = v . Since f is F -irresolute,
FIWcery(u, 1) is r-wgfc. Hence,
WCti(f (), 1)) < WCti(f (WCty(ur),
), )<y . Thus, f*(u) is r-wgfc set.

Theorem 4.8. If: (X, 11) — (Y, 12) and: (Y,
T2) — (Z, 13) be mappings and r € I.
Thengo fis:

(1) GFWe-irresolute  (resp. FWG-
irresolute), if f and g are both GFW
irresolute (resp. FW G-irresolute).

(2) GFW-irresolute open (resp. FWG-
irresolute open), if f and g are both GFW-
irresolute open (resp. FWG-irresolute
open).

(3) GFW-irresolute closed (resp. FWG-
irresolute closed), if f and g are both
GFW-irresolute closed (resp. FWG-
irresolute closed).

(4) GFW-continuous  (resp. FWG-
continuous), if f is GFW-irresolute (resp.
FW G-irresolute) and g is GFW-continuous
(resp. FW G-continuous).

(5) GFW-open (resp. FWG-open), if f is
GFW-open (resp. FWG-open) and g is

GFW -irresolute open (resp. FWG-
irresolute open).

(6) GFW-closed (resp. FWG-closed), if f
iIs GFW-closed (resp. FW Gclosed) and g is
GFW-irresolute closed (resp. FWG-
irresolute closed).

Proof. It is similarly proved as in Theorem
3.7.

Definition 4.2. A fts (X, 1) is called
r-WFT1/2 if (1-1) > r for each r-wgfc set
A€IX and r € .

It is clear that r-WFT1/2 implies that
T‘-FTl/z.

Theorem 4.9. A fts (X,t) is called
r-WFTy, iff W(A,r) = Ct(A,r) for each
A€EXandr€ely.

Proof. (=) Let (X, T) be r-WFTy, By
definition of WGCt and Ct, we have (4,) =
Ct(A,r) for each A € IX and r € Io.
(<) Suppose (X,t) is not r-WFT1, . There

exist r-wgfc  u € IX¥ and r € I such that
W(l-A)<r. Hence WGCt
(M, r» = pu but Ct (ur) * pu

Thus WGCt (A, 1©)# Ct(Ar) it is a
contradiction. Then (X,t) isr-WFTy;.

Theorem 4.10. Let: (X, 1) — (Y, 12) be
mappings and r € I,. Then following
statements hold.

(1) If (X,t1) iIsr-WFTy2, then the concepts
of F-continuity, WF-continuity, GFW-
continuity, FW G-continuity, and
GF-continuity are equivalent.

(2) If (Y,t2) is r-WFTy, then the concepts
of GFW-continuity and GFW irresolute are
equivalent. Also, concepts of FWG-
continuity and  FWGirresolute are
equivalent.

3) If (X,1) and (Y,t,) are r-WFTy, , then

the concepts of F  continuity,
FW-continuity, GFW  -continuity,
FW G-continuity, GF continuity,
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GFW-irresolute and FWG-irresolute are
equivalent.

Theorem 4.11. Let f: (X, 71) — (Y, 12) and
g: (Y, 72) — (Z, t3) be GFW-continuous
(resp. FWG-continuous) and (Y, t2) be
r-WFETy. Then g-e f: (X, Tl) — (Z, T3) is
GFW-continuous (resp. FW G-continuous).

5 Some applications of r-weakly
generalized fuzzy closed sets

Definition 5.1. A fts (X, 7) is said to be:

(1) r-FWG-regular iff x.qA for each
r-wgfc 4 € [¥ implies that there exists
pi € IX¥with  (w) >r for i € {1, 2} such
that x: € u1, A < up and u1qus.

(2) r-FWG-normal iff AlgA2 for each
r-wgfc sets Ai € IX for i € {1, 2} implies
that there exists u; € IX with 7 (ui) > r for
such that Ai < ui and pi1que.

Theorem 5.1. Let (X, 7) be aftsand r € Iy,
Then the following statements are
equivalent.

(1) (X, 7) is r-FWG-regular.

(2) If x; € A for each r-wgfc 1 € 1%, there
exists u € IX with (1) > r such that x; € u
<(u) <A1

(3) If x.gA for each r-wgfc A € 1%, there
exists ui € IX¥ with T (u;) > r for i € {1, 2}
such that x; € wu;, 4 < u, and
(‘Lll,) ECT([Q,T).

Proof. (1) = (2) Let x; € A for each
r-wgfo A. Then (1 — A) for rwgfc (1 — A).
Since (X, 7) is r-FWG-regular, there exist
U, y € IX with (u) > r, (y) > r such that xt
eEp,1-A<yandpu. Itimpliesx: € pu<
l-y<ASince(y)>r,xceu<(u) <A

(2) = (3) Let xtqA for each r-wgfc. Then
xt € 1 — A for r-wgfo 1 — A. By (2), there
exist u € IX with t(u) > r such that x;
eEus(un<l1-2ASincet(u)>r,uis
r-wgfo and x; € u. Again, by (2), there

exist yy € IX with (u1) > r such that x; € y;
<(u,N<p<Ct(ur)<1-2A lItimplies A
< A-(wr) = I((1-w)r) < 1-p. Put
p2 = Iy (1—p, r), then t(uz) > r. So, C(u2,r)
<1 - pu <1 — Cur), that is,

Cr(ul.r)gCr(u2.r). (3) = (1) It is trivial.

Theorem 5.2. Let (X, 7) be a fts and
r € Ip. Then the following statements are
equivalent.

(1) (X, 7) is r-FWG-normal.

(2) If y < A for each r-wgfc set y € [¥and
r-wgfo set A € IX, there exists u € I¥ with
t(u)>rsuchthaty <u<Ct(ur) <A

(3) If A1gA2 for each r-wgfc sets Ai € IX
for i € {1, 2}, there exists ui € IX with T
(ui) > r such that Ai < ui and

(Iil’)aCT(IJZ,T) .

Proof. It is similarly proved as in Theorem
5.1.

Theorem 5.3. Let (X, 1) be a fts. Then the
following statements hold.

(1) Every r-FW G-regular (r-FW G-normal)
space is r-GFR; (r-GFR3).

(2) Every r-FW G-regular (r-FW G-normal)
space is r-FR; (r-FR3).

(3) A fts (X, 1) is r-FWG-regular (r-FW G-
normal) iff it is r-GFR, (rGFR3) and
T'-FWTl/g.

(4) A fts (X, 7) is r-FWG-regular (r-FW G-
normal) iff it is r-FR2 (r-FR3) and
r-FWTp.

Proof. (1) For x:qA with r-gfc set 1 € IX,
then A is r-wgfc. Since (X, 1) is r-FWG-
regular, there exist ui € IX with t(ui) > r
for i € {1, 2} such that xt € u, A < u, and
Hiqua . Hence (X, 7) is r-GFR;.

(2) For x:qA with (1 — A) > r, then A is
r-wgfc. Since (X, t) is r-FWGregular,
there exist ui € IX with t(ui) > r for
i € {1,2} such that x: € w3, 4 < pp and
Uiquo. Hence (X, 1) is r-FR,.
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(3) (®) Let (X, 7) be r-FWG-regular. By
(1), we only show that (X, t) is r-FWT4p.
If 2 € {0, 1}, then A is r-wgfc and
t(4) = 1. Let 1 ¢{0, 1} be r-wgfc. For x; €
1 — A) with  r-wgfc A, by Theorem
5.1.(2), There exists ux: € 1* with t(ux;) >
r such that xt € pux: < Ct(uxer) <1 — A
Hence 1 — A =V{ux:Ct(ux:,r) <1 — A,
t(ux:) > r}. So, t(1 — A) > r. Hence (X, 1)
is m-FWTyp,. (<) It is easily proved.

(4) (=) Itis easily proved from (2) and (3).
(&) Itis easily proved.

Theorem 5.4. Let (X, 1) be a fts. Then the
following statements hold.

(1) If (X, 7) is r-FWG-regular, then it is
T'-FR().

(2) If (X, 7) is r-FWG-regular, then it is
7-FT 24,

(3) If (X, 1) is r-FWG-regular, then it is
T-FTg.

(4) If (X, 7) is r-FWG-normal and r-FRy,
then it is r-FW G-regular.

(5) If (X, 1) is r-FWG-normal and r-FRy,
then it is r-FT .

Proof. (1) Let x:q(ysr) for any distinct
fuzzy points x:,ys € Pt(X). Since C(ys,r)
is r-wgfc and (X, 7) is r-FWG-regular,
then there exist w; € I¥ with T (ui) > r for i
€ {1,2} such that x: € w, ys € Ct(ys,r) <
pz and paquy . It implies x: € u; <1 — <
1 —(sr)<1-—y.Thus, (x(;f) <1-y,
that is, ysqCt(x:,r). Hence (X, ) is r-FR.

(2) Let x:qys for any distinct fuzzy points
xtYs € Pt(X). Since (X, 1) is r-FWG-
regular, by (1) and Theorem 1.3. (iii), ys is
r-wgfc. By Theorem 5.1. (3), then there
exist ui € IX with (ui) >rforie{1,2}
such that, xx € w, ys € u and
Ct(u1,m)qCt(uz,r). Hence (X, t) is r-FTo1

(3) Let (X, t) is r-FWG-regular. By (2)
and Theorem 5.3.(2), (X, 1) is r-FT2y, and
r-FR; . Since r-FT, implies r-FTy, (X, 1)
is r-FTs.

(4) Let xtgA for each r-wgfc A. Since
(X, ) is r-FRy, then x: is r-wgfc. Since
(X, 7) is r-FWG-normal, then there
exist w; € I¥ with (w) > r for i € {1, 2}
such that x: € u;, 1 € up and puiqu,. Hence
(X, 7)is -FWG-regular.

(5) Let (X, 1) is r-FWG-normal and r-FRy.
Since r-FWG-regular implies 7r-FTy
implies  r-FTy, by (4), (X, ©) is r-FT; .
By Theorem 5.3.(2), (X, 7) iS7r-FT4 .

Theorem 5.5. If: (X, 71) — (Y, 12) be
F -irresolute, F -open and bijective map
and (X, 1) is r-FWG-regular (resp. r-
FWG-normal), then (Y, 1) is r-FWG-
regular (resp. r-FWG-normal).

Proof. Let ysqu for each r-wgfc u € IV.
Since f is F -irresolute, F open and
bijective map, then by Theorem 4.7., f is
FWG-irresolute. Hence f'(u) is r-wgfc
set. Put ys = f (xs). Then xsqf *(u). Since
(X, ) is r-FW G-regular, there exist ui € IX
with (w) > r for i € {1, 2} such that
XS € g, f_1 (u) < pzand pyquy . Since fis
F -open and bijective map, we have
ys € t(u), n = (W) < f(u2),
f(ul)qf(u2). Hence (Y, 1) Iis
r-FWGregular. Other case is similarly
proved.

Theorem 5.6. If: (X, 11) — (Y, 12) be
F-continuous, FWG-irresolute closed and
injective map and (Y, t,) is r-FW G-regular
(resp. r-FWG-normal), then (X, 11) is
r-FWG-regular (resp. r-FW G-normal).

Proof. Let x:qA for each r-wgfc set 1 € IX.
Since f is FWG-irresolute closed, f(1) is
r-wgfc. Since f is injective, x.qA implies
f(x:)q f(1). Since (Y, 1) is r-FWG-
regular, there exist ~ ui € IX with (u;) >r
for i € {1, 2} such that (x:) € p1, (1) < w2
and uiquo. Since fis F -continuous,
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xe € f (), A< (o), with zo(f (1)
>rand i € {12} and f (u)qf ‘(2.
Hence (X, t1) is r-FWG-regular. Other
case is similarly proved.

Theorem 5.7. If: (X, 71) — (Y, 12) be
FWG-irresolute, F -open, F -closed and
surjective map and (X, t1) is r-FWG-
regular (resp. r-FWG-normal), then (Y, 2)
is r-FWG-regular (resp. r-FW G-normal).

Proof. Let ys € u for each r-wgfc u € 1.
Since f is FWG-irresolute and surjective,
then there exist x € f* ({y}) such that x;
€ £ (u) with rwgfo set f—1 (u). Since (X,
71) IS r-FW G-regular by Theorem 5.1. (2),
there exist y € IX with 71(y) > r such that
xs € y < Cta(y,r) < fY(u). It implies
ys € (¥) < (Ct1 (y, r)) < u. Since f is
F -open and F -closed, then 72 (f (y)) >r
and 7, (1 — f (Cu1 (v, 7)) > 7. Hence ys €
f) < Cra(f(y)ir) < Cro(f (CTalf (i7))i7)
< U Thus, (Y, 72) is r-FWG-regular.
Other case is similarly proved.
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